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1 Construction of (241)-spacetimes via grafting
[Benedetti, Bonsante, Guadagnini]

spacetimes: M ~Rx S;,9>2 = M=U/m(S,),U c M3

1.1 Static spacetimes

1. Foliate interior of lightcone U by hyperboloids Hyp

hyperboloid

‘_*‘HTZ{méMslxg—x%—m%:Ta 2% >0

— hyperbolic space H;

2. Cocompact Fuchsian group T’

50(2, 1) O = (’UA“’UB“ ..y UA, VB, ; [’UBg, 'U;{gl] e {UBl’ UZ}] = 1) & 7T1(Sg)

= tesselation of Hr by geodesic arc 4g-gons

fundamental polygon PE c Hy

. . -/ . /
generators of I': wy, : a; — a;, vp, 1 b; — b}

3. spacetime: M = U/T




1.2  Grafting
ingredients: I', closed simple geodesic A on Sy = H, /T with weight w > 0

1. A lifts to I'-invariant multicurve M) = {vc\|Jv € '} C H,

2. Grafting: M, = regular domain U, Cc M

-
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- choose basepoint o € Hy\ M)

- translation for x € Hi\M) : p(x) = wz €y UTL)
veEl: azNuey#£D

- domain: Uy = Urpepy Ur

Vv

Uf= {Ta+p(@)|z € H\ My} U{Tz+tp, (x)+ (1—t)p_(z)|z € My, t€[0, 1]}
s:0f hyperboloid He hyperbol;cr cylinders —_—

e

T'=cosmological time

3. Action of I' 2 m(S,) on Ux: f: T — 150(2,1), f(v) = (v, p(vzg))
= leaves U, invariant, free, properly discontinuous

4. Grafted spacetime: M = U, /T



2 Phase space and Poisson structure in the Chern-
Simons formulation

gauge group: 1S0(2,1) = SO(2,1) x R3:
- generators Jg, P, €150(2,1): (Jas Jo) = €abe S [Ja, Py} = €abe P° [P,, Py =0

- parametrisation: (u,a) = (v, —uj), u = e P € S0(2,1), a,j €R?
(u1, @1)(us, az) = (urtz, a1 + u1G2)

- formal parameter 6, 6> = 0 = representation (Po)be = 0(Ja)be = —Beane
(u,a) < (1+ 8alJy)u

gauge field: A=¢e"FP,+w'Ja= Agdz® + Ag

equations of motion:

Fg =dsAs + AgNAs =0 0pAs= dsAp + [As, Ao]

observables for X € m1(S):

conjugation invariant functions of holonomy Hy = (e Pi/s, —ePAJagy)

2 2 .
my = —P\ TSy = PaJa

phase space:

parametrised by holonomies A, B; of generators a;, b; of m1(Sy)

M, = {(A1,B1,..., Ay, By) € 150(2,1)% | [Bg,A;I] .+ [By, ATY = 1}/1S0(2, 1,

Poisson structure: from symplectic potential on IS0(2,1)%

by imposing the constraint [By, A7l [B, A7'] = 1 and dividing by the
associated gauge transformations (simultaneous conjugation with 150(2,1)



Trivialisation and embedding

trivialisation: on simply connected region R C R x Sg:

Ag=~vdsy™!, v=(v,z): R — ISO(2,1)
z : R — R® = embedding into M?

maximal simply connected region by cutting S, along the generators a;, b; €
m1(S,) = 4g-gon P,

overlap condition:

Y Mot = Nay Ma 77 Moy = Np. v, with constants N4, Np, € 1SO(2, 1)
— determined completely by embedding of sides a;, a, b;, b}

holonomies: A; = v(psi-3)7 (psi—a)  Bi = ¥(pai-3)7 " (Pai-2)



Holonomies and dual holonomies

overlap condition

A= 7(p0)[N211: NBI] e [NX}) NBi] ’ NBi ) [NBi—I’ NA—,'I_I] U [NBU N/_ill]7_1(p0)
B; = v(po)[NzL, Np,]--- [Nz}, Ng] - Na; - [Np,_,, Nz ]+~ [Na,, N1y~ (po)

N4 =y Ypo)[A17}, By - - [As

-1 i [Bie1, Aim1 ™)+ [By, A1 H7v(po)
Ng, = v *(po) (A7, By] - (4,7,

i+ [Bi-1, A;17Y -+ [Ba, A1 y(po)

B;]
Bj]

- B
A

= up to conjugation:
Ny, Np, = holonomies of dual set of generators nq,, m, € 71(Sy)

A; = Hla;], B;= H[bj] Ny, = Hln,], Np, = Hlny,]

1



3 Grafting in the Chern-Simons formalism

idea: z°=T = embedding on surfaces of constant cosmological time T’
= determine holonomies from embedding of sides of polygon F,
static case: polygon P, embedded onto polygon P! in tesselation of Hy

xy(T,"): Py+> PF C Hr = N = (v4,,0), N = (vg,,0)

grafted spacetime: x(7,-): P, = Ul = Na=(va,?), Ng=(vs,?)

= translation of corners: (T, p;) = (T, pi) + p(p:)

p(pi) = p(xat(1, i) = WY € V7
vel: azNucy #0

transformation of holonomies under grafting along A

Gruy : At = Aj = Y(ai=3)Y H(Pai—a) = A" - (1, p(pai-1) — p(Pai-3))
B;®t v B; = v(pai-3)7 " (pai—2) = Bi** - (1, p(pai-2) — p(pai—3))

For transformation of holonomies: determine intersections of of sides a;, b;
with geodesics in M):
1. AC Hy/T closed = v =eP €T : vey =y, ny,=—p, = —1-n1—;pA
2. express v in terms of the generators of I':
v =y - vy withvx, € {va,,...,vB,}, o € {£1} (1)
- geodesics in M), intersecting PF
Qr_1

g [s 2331 i
C)\, Uch)\, Uszxlc/\, ey 'UXT_I""UXIC)\

- intersections with sides a; (b;) <= 1: 1 = factors vj} (vgh) in (1)

= Bxplicit formula for grafting map Gryy : 1SO(2,1)% — 1S0(2, 1)%,
= transformation of general holonomies H,, 7 € m1(S,)



The grafting transformation

Gryn. U4, — U4, up, — up,

Ga, = G4 +wAd(vy vy vgh Z A - u) my

ka—Al,ak 1
-1,.~1 o
—wAd(v; le---'th ) E Ad(vi: -+ -v%) ma
ka Ahak_

1, -1 -1 -1 -
Ip, — Ip,—wAd(vy vy - vE,_ V4, VUB) E: Ad(vy, ") - Uy, ma

k’Xk=B,-,ak=1 ,
+wAd(v511);111- . _, VA, vB E Ad( ’UXk --vg‘(‘l) )
k:Xp=B;ar=—1
where v~ (pg) = (v, o) and
s s gyl -1 . . -1
@Ai_vOqu..'qu 'wBt.dHl_l...qubo

-1 =
vBi &= 'UOUHI . .uHi . 'U'A,; . uHi—l .. .uHIIUO

-1, -1 -1

Ug; =Yy Vg, " Vg, " UB; " VH;, """ VH, Vo
_ -1, -1 -1

Up; =VYp Vg, " Vg, VA, " VH;, """ VH, VO



Example:

B S RO |
A=b;0a  obloa

Geodesics in M, intersecting the polygon P! c H, (only n9n—tr1v1al
intersection points)

=] -1
C1 = Cy, C2 = UB,' Ch, C3 = ’UAi'UBi C)

-1, -1 =1
C4 = UBV4, Vg Cy, cs = [vg, v lex = cy,

Py

Transformation of the holonomies

Ja = Ja, +t(1 = Ad(uy)))p, I, I, +t(1 — Ad(up)))py

Grim + Ai— HY"AHY By H7%BH?
Dy : Az — H/\—tAZHK .Bi — H)\_tBZH/t\ HA = [B“ A “1] —¢ —(p%+0k%)J,



4 Grafting and Poisson structure

L S .'1
Theorem The grafting transformation Gryy : 1SO(2,1)% — IS0(2,1)% is
generated via the Poisson bracket by the mass m,,

FoGryy=—{wmy, F}  VFe€C®(ISO(2,1)%).

= Properties of the grafting transformation Gr,):

1. Defined for general (not necessarily simple) elements A € m;(S,)

2. Poisson isomorphism

{F 0 Grux,GoGrypz} ={F,G}oGry,x  VF,G € C®(IS0(2,1)%)

3. Leaves constraint [By, A;']---[By, A{'] = 1 invariant and commutes
with the associated gauge transformations by simultaneous conjugation

4. The grafting transformations Gry,y for different A € m(S,), w € R*
commute and

FoGryn o...0Gry = {Zwimxi, F} Vi € mi(Sg), w; € RY
1=1

5. Implies general relation for the Poisson brackets of masses and spins
{ma, sp} = {sx,mp} VA, 1 € m(S,).



5 Grafting and Dehn twists

Dehn twists:

(infinitesimal) Dehn twists along simple curves A € m1(.S,)
= transformation D,y : 1SO(2,1)% — ISO(2,1)%

1. infinitesimally generated via the Poisson bracket by observable m)s),

di'umoF 0 Dy = {m,\s)‘, F} VF € COO(ISO(Q, 1)29)
w

2. Poisson isomorphism: {F o Dy, G o Dyr} = {F, G} o Dy
3. Leaves constraint invariant and commutes with gauge transformations

4. Explicit formula for action on holonomy H,, € m(S,):
- write curves as product in generators a;, b; € 11(Sy)
A=z%o.. . 028 n=ylo.. oyl z;,y; €{ay, ..., by}, o, B €{£1}

Bria
+1

(2785 ] (s 7%

- intersection point between factors z, ' and z;* on A, y and y* on g

Dy Hy o YPr - VI QG XD HR - (G X Y Y

H{Y = e—ew(PKJﬁkKPa)’ Hy, = e~ PRJatkiPa) Xor ... X

Grafting:
Gruma -
Hy 5 YPe o Y (OG0 X0 - (L —wepy) - (G - X7™) - Yoo T
=YPs .. ‘Yzilfl (XS XDy HSO L (XM X ) .y;ﬂl.,.ylﬂl

Grafting along A =inf. Dehn twist along A with formal parameter 6, 6> = 0

G"'wm,\)\ = Dgy»




Graphical procedure for the determination of the intersection points

The decomposition of [b;,a;}] (full line) and its intersection points with a;,
b; (dashed lines)

The decomposition of [b;,a; '] (full line) and its intersection points with a;,
b; (dashed lines), simplified representation without horizontal segments that
do not contain intersection points '



6 Outlook and Conclusions

Relation between geometrical construction of (24-1)-spacetimes via grafting
and phase space and Poisson structure in the Chern-Simons formulation of
(2+1)-dimensional gravity for A = 0, spacetimes M=~=Rx S,

- implementation of grafting along closed, simple ) € m(S,) in the Chern-
Simons formalism => grafting transformation Gryy on Poisson manifold
(IS0O(2,1)%,0)

- generated via the Poisson bracket by gauge invariant observable my

- Poisson isomorphism, respects constraint, commutative

- general relation for Poisson brackets of mass and spin {my, sy} = {sx, My}

- can be viewed as (infinitesimal) Dehn twist along A with formal para-
meter 6, 2 =0 ‘

— Physical interpretation of gauge invariant observables:

my: generates grafting: cuts spatial surface along ) and translates sides of
the cut

mysy: generates inf. Dehn twist: cuts spatial surface along A and rotates
sides of the cut

Open questions

_ Other cases of cosmological constant A > 0, A < 07

_ Manifestation of Wick rotation [Benedetti, Bonsante] on phase space 7



The symplectic potential © on the extended phase space
I150(2,1)%

© in terms of the holonomies A; = (uy,, —u4,54,), Bi = (up,, —uB,Jip,)

g
6= Z(jA,-w 6(“‘}1;-1 T qu)(uHi—l Tt U'Hl)—1>
1=1
- (jAu 5(”2}“13}“&”%-1 T qu)(u.Z}uB}uAiuHi—l T UH1)_1>
g
+ Z(jBi’ 6(“23“1_3,-1“.4,'“}1'_1 o 'qu)(uZ}ugiluAiuHi—l T ’U’Hl)-1>
1=1

- <jB,~? 6(“53’“&“3'1'—1 T qu)(uBiluAiuHi-l T qu)—l)

with vy, = [ug,, uATil], Ja; = J4,Fa, I, = Jp Fo and pairing

(Jo, PPy =82 (Jo, Jy) = (P*, P*) =0

© in terms of Lorentz components vy,, v, of dual holonomies Ny, Np,

9
O = Z lA,,’UA dv4,) (lBi,vgil(SvBi)
i=1

with

lAi :Ad(vﬂi—x Tt UHIUO)in = Ad(vou;ﬁ T ul}il-—l)in

-1 : S -1 -1 -1 g
lp, =— Ad(vBi VA VH,_, " VH,V0)I B, = —Ad(voqu eug Uy uB,;)J B,

Poisson brackets

(X015 = —eqpddS {1, vx} = —vxJ, X €{Ay,...,B,}.



