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Abstract

We prove that any finite energy solution to the Klein-Gordon equa-
tion with a nonlinearity localized on a compact part of a hyperplane (a)
has a compact spectrum; (b) is a solitary wave.

We also prove that finite energy solutions to the nonlinear Schrédinger
equation and nonlinear Klein-Gordon equation which have the compact
spectrum have to be solitary waves.



Soliton resolution conjecture:

In a nonlinear dispersive system,
long-time asymptotics of any finite energy solution

is a superposition of outgoing solitary waves
and a dispersive wave

[Komech93, Soffer®®, Tao%7, Duyckaerts et al.1°]...

One of the strategies [Komech©3]:

1. Any solution converges to radiationless solution with compact
spectrum;

2. A solution with compact spectrum in fact has a spectrum con-
sisting of one frequency: u(t, x) = ¢(x)e~'«t, ¢ € HL(R", C).



based on the Titchmarsh convolution theorem:

Let f, g e LY(R); suppf, suppg are compact
Note: supp(f * g) C suppf +suppg

[Titchmarsh?®]:  infsuppf * g = infsuppf+ infsuppg,
supsuppf * g =supsuppf +supsuppg.

Example: 2cos?t =1+ cos2t,

251(00) +o-1(w) (W) +o-1(w) 62(w) +6-2(w)

o(w) +
2 2 (@) 2

“Counterexample”: § *1=0

[Lions®1]:  CH suppf * g = CH suppf + CH suppg Vf, g € &' (RN).

CH is the convex hull of a set.



Example: Klein-Gordon with concentrated nonlinearity
—afu=—6§u+m2u—5(x)|u|2u, u(t,x) e C, X €R

[Komech?3, Komech & Komech?7]:
A weak global attractor is formed by the set of solitary waves.
Equivalently, an Q-limit of a finite energy solution is a solitary wave.

Proof: Denote RHS by f(t) := |u(t, 0)|2u(t, 0)
o f(w)is LZ _onR\[—m, m];

(R) x L (R);

e Q-lim point: (vo, v1) = _lim (u, 8¢u)|,, in H} |
Tj—+00 J oc

loc
e Q-lim trajectory: v(t,x) with (v, dtV)|,.o = (Vo, V1);

e g(t) :=|v(t, 0)|2v(t, 0) satisfies G(w) =0 on R\ [—m, m];

o Let V(t) := v(t, 0); supp V(w) C [—m, m], 2Vm?2 — w2 V(w) =V * V % V;

e The Titchmarsh theorem: supp V(w) ={wo}, V(w,x)=68(w— wWo)P(x).
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“Counterexample”: breathers in integrable systems

sine-Gordon equation:
—dfu=—d2u+sinu,  u(t,x)€R, Xx€ER

Exact solution [Ablowitz et al.”3]:
mcos(a)t)
wcosh(x/ﬁx)
e Spectrum is not compact; e the nonlinearity is not of algebraic type.

The cubic nonlinear Schrodinger equation:
i0ru = —0Zu—2|ul’y, u(t,x)eC, xeR

u(t, x)=4 arctan( ) we(-1,1)

Exact solution [Akhmediev et al.87]:
cosx + i¥/2sinht
v2 cosht—cosx

eit

u(t,x) =

e Spectrum is not compact; e infinite L2-norm.



Multifrequency solitary waves in KG

[Komech & Komech?9]: KG with mean field self-interaction,

1
E=§f (loeul? +1vul? + m?lul?)dx + lp,u(t, NI*,  pe (R
Rn

[Komech & Komech19]: KG with nonlinear oscillators ~ |u|?u at x = %R,

e~ KIXlIsint, |x| > R;
acosh(k|x])sint+ bcos(K]|x|)sin3t, |x|<R.

u(t,x) = {

[Barashenkov et al.12]: breathers in NLS systems, ¢1(x)e 1“1+ ¢, (x)e~ w2t



Multifrequency solitary waves in KG on Z x Z

NLKG in discrete space-time:
ut vt W(lugt?) = wWilug ')
2 ugt 2 = Jug P

2T — 2,7 4 2 T+1, ,,7-1
—D3uj =—Djuj +m (Ut +ug™)
[Comech!3]: 1-, 2-, and 4-frequency solitary waves:
¢Xe—in
¢Xe—in + (/Jxe_i("‘”"")T
¢Xe—iw1T+ l[lxe_i("‘)1+”)T+ O(xe_isz+ ﬁxe_i(w2+")T
o, ¢ € 2(2);

T € Z discrete time, X € Z discrete space.

[Comechl3]: Let W be polynomial, mé > 0 sufficiently small. Then
an Q-lim of u € [®(z, [2(2)) is 1-, 2-, or 4-frequency solitary wave.
Proof: Titchmarsh theorem for periodic distributions.



Multifrequency solitary waves in nonlinear Dirac

0ty =Dmy—F(Y*BYIBY,  Y(t.x)eC?  xeR?

[Boussaid & Comech18]: bi-frequency solitary waves in NLD,
P(x)e 1wt + y(x)elwt e C*

Four-frequency solitary waves in NLD,
P1(x)e 191t 4 1 (X)e w1t + o (x)eT W2t + Pp(x)elw2t e C4.



Nonlinear KG, solutions with compact spectrum

—oZu=—Au+m?u+ a(jul®)y, u(t,x)eC, xe€R", n<3; m>0.
The nonlinearity: o € C1(R), a(0)=0.

[Strauss’7, Berestycki & Lions83]: solitary wave solutions,

u(t, x) = ¢p(x)e %t  ¢peHI(R"), wEeR.

Are there multifrequency solitary waves ¢1(x)e™ @1t + ¢, (x)e w2t 4. . ?
More generally,
Are there solutions with compact spectrum?

Spectrum of u(t, x): smallest closed Q c R such that supp {(w, x) c QxR"



Nonlinear KG, solutions with compact spectrum
Let uel®(R HY(R",C)), xeR", n<3,
—oZu=—Au+m?u+a(jul®)u,  u(t,x)eC, xeR",

with m > 0 and a(s) an algebraic function satisfying certain conditions.
Let u € L®(R, HL(RM)).

[Comech!?]: If u has compact spectrum, then it is a solitary wave:
u(t, x) = po(x)e™t, do € HY(R"), wo €R.

Proof:
e Titchmarsh theorem for partial convolution;

e UCP for |Au| < |Vul, V € LM?(R™), n > 2 [Koch & Tataru®]

loc
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Examples of nonlinearities:

n=1,72 n=3
a(s)=(Co+ Cis+ -+ CpsP)VN, Vp, NeN a(s) = Co+ C15+ C35°
a(s) = (Co + C15)Y?

Co+ -+ CpsP Co + C15 + C252

a(s) = , >q=>0 a(s) =
(s) Ko+ -+« + Kgs9 p=q () Ko + Ki1s
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Let B:R?" - R, neN.
Definition 1
BY : R” — R minimal upper semicontinuous function BY > B;

BL : R" - R maximal lower semicontinuous function BL < B.

Let f € C(R x R").
Definition 2 Bf(x) is the upper boundary of w-support of f(w, x):
Bf: R" > RU{*}, x—sup{weR; (w,x)esuppf}; Bf=B.

For f, g € &'(R, L2(R")), let

(f *, 9)(w,x)= f flw—o0,x)9(0,x)do, (w,x) €R x R",
R

Titchmarsh theorem for partial convolution:
[Comech!®]: For all f, g € &'(R, L2 _(R")),

loc

u u
Bfx,g=(B;+Bg)” =(Br+B)".
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Klein-Gordon with nonlinearity on a hyperplane

Let ueL®(R HY(R",C)), x=(x',xp)€R", n€EN,
_3511 =—Au+ m?u+ p(x")6(xn)a(lul*)u, pE Ccomp(Rn_l)

with m > 0 and a(s) an algebraic function satisfying certain conditions.
[Comech?0]: Any Q-lim of a finite energy solution is a solitary wave.
Equivalently,
(u, o)l — {¢(x), —iwd(x)} in HILE(R") x HZE(R"), €6>0
t—+oo - -
with ¢(x)e~ %t solitary waves; H;(R"):={u; (x)°(A)¥?u e L?(R")}.

Examples of a nonlinearity:
P(s)

1
a(s) = (—)N P, Q polynomials, degP—degQ > N.
Q(s)
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Proof: x=(x',xp) €R", p € Ccomp(R"1)

Denote RHS by f(t, x) := p(x")6(xn)|u(t, x)|%u(t, x).
e Prove that }z‘(w, &)l is L2 _on “mass shell”

M={(w &) ; w?=§+m?};
o If v(t, x) is Q-limit of u(t, x),

(V, 0t V), = lei_r)noo(u, Oy, in HiEE(R") x HZS(R"),

then g(t, x) := p(x")6(xn)|v(t, x)|2v(t, x) satisfies f](w, E)=0o0onT;
e Prove that supp\z/ c[—m, m] x R";

e Apply the Titchmarsh theorem.
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