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| would like to thank the organisers and in particular Valentino for the kind
invitation.
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Let me start with some by now well-known facts. It is not clear (at least
to me) exactly when the story of nonlocal perimeters started.
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Therefore, | will not attempt to assign a maternity to this concept, but
rather | will bluntly introduce it:
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Let E C R"” be a measurable set having finite measure. Then, for every
0 < s < 1 the (nonlocal) s-perimeter of E is defined by
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where for any p > 1 and s € (0,1), | have denoted by
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Let me start with some by now well-known facts. It is not clear (at least
to me) exactly when the story of nonlocal perimeters started.

Therefore, | will not attempt to assign a maternity to this concept, but
rather | will bluntly introduce it:

Let E C R"” be a measurable set having finite measure. Then, for every
0 < s < 1 the (nonlocal) s-perimeter of E is defined by

Ps(E) = [1el3s,

where for any p > 1 and s € (0,1), | have denoted by

[flp.s = (// . _— |C(+);)slpdxdy> 1/p’

the classical Aronszajn-Gagliardo-Slobedetzky seminorm of f.
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Once this notion is introduced, one immediately realises that the range of
possible s must be restricted.
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bounded open set E has infinite s-perimeter as soon as
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possible s must be restricted. In fact, it is well-known that any non-empty
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Once this notion is introduced, one immediately realises that the range of
possible s must be restricted. In fact, it is well-known that any non-empty
bounded open set E has infinite s-perimeter as soon as % <s < 1! For
instance, when E = B = {x € R" | |x| < 1}, then one can show that
Ps(B) < oo if and only if % < s <1, and in such range one has in fact

nm"l(1 — 2s)
Ps(B) = M2+ 1)1 —s)r(2+2=2s)’
St S 2
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Once this notion is introduced, one immediately realises that the range of
possible s must be restricted. In fact, it is well-known that any non-empty
bounded open set E has infinite s-perimeter as soon as % <s < 1! For
instance, when E = B = {x € R" | |x| < 1}, then one can show that
Ps(B) < oo if and only if % < s <1, and in such range one has in fact

nm"T (1 — 2s)
sT(5+ 1M1 = s)r(=5%)

'DS(B) -

Since the gamma function has a simple pole with residue 1 in z =0, it is

clear from this formula that s — Pg(B) has a simple pole in s = 1 (and

2
also in s = 0), and that moreover one has the limiting relation
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Once this notion is introduced, one immediately realises that the range of
possible s must be restricted. In fact, it is well-known that any non-empty
bounded open set E has infinite s-perimeter as soon as % <s < 1! For
instance, when E = B = {x € R" | |x| < 1}, then one can show that
Ps(B) < oo if and only if % < s <1, and in such range one has in fact

nm"l(1 — 2s)
sT(5+ 1M1 = s)r(=5%)

P.(B) =

Since the gamma function has a simple pole with residue 1 in z =0, it is

clear from this formula that s — Ps(B) has a simple pole in s = 3 (and

also in s = 0), and that moreover one has the limiting relation

lim (1 — 25)Ps(B) = P(B),

s>(3) r(%t)

where | have denoted by P(B) = ?Ef) the standard perimeter of B.
2
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The Bourgain-Brezis-Mironescu-Davila theorem

The previous observation is a special case of a result of J. Davila.
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The Bourgain-Brezis-Mironescu-D4vila theorem

The previous observation is a special case of a result of J. Davila. In
answer to a question posed in the celebrated paper of Bourgain, Brezis

and Mironescu, he extended to any dimension their limiting formula for
n =1, and proved
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The Bourgain-Brezis-Mironescu-D4vila theorem

The previous observation is a special case of a result of J. Davila. In
answer to a question posed in the celebrated paper of Bourgain, Brezis

and Mironescu, he extended to any dimension their limiting formula for
n =1, and proved

lim (1= 25)Pu(E) = </S | < enw > ]do(w)) P(E),

where e, = (0, ...,0,1), and P(E) indicates the perimeter of E according
to De Giorgi.
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The Bourgain-Brezis-Mironescu-D4vila theorem

The previous observation is a special case of a result of J. Davila. In
answer to a question posed in the celebrated paper of Bourgain, Brezis
and Mironescu, he extended to any dimension their limiting formula for
n =1, and proved

S;Tp (1—-2s)Ps(E) = (/Snl | < en,w > da(w)) P(E),

where e, = (0, ...,0,1), and P(E) indicates the perimeter of E according
to De Giorgi.

Since
n—1
21 2

()’

/ | < en,w > |do(w) =
Sn—1

we see that the limiting relation for Ps(B) is contained in Davila's theorem.
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| am now ready to move to the main topic of the first part of my talk.
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Consider the Heisenberg group H" with real coordinates g = (z, o), where
z=(x,y) € R?" and o € R is the variable in the center. We adopt as

noncommutative group law the one for which
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| am now ready to move to the main topic of the first part of my talk.
Consider the Heisenberg group H" with real coordinates g = (z, o), where
z=(x,y) € R?" and o € R is the variable in the center. We adopt as
noncommutative group law the one for which

1
gilog/:(z'—z,a’—a—ki <7, Jz>),

On In

o On)' Notice that

where | have indicated the sympletic matrix J = <

J?2 = —/, and that Jz = (_y ) The corresponding left-invariant vector
fields
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| am now ready to move to the main topic of the first part of my talk.
Consider the Heisenberg group H" with real coordinates g = (z, o), where
z=(x,y) € R?" and o € R is the variable in the center. We adopt as
noncommutative group law the one for which

1
gilog/:(z’—z,a’—a—ki <7, Jz>),
o, I,

o On)' Notice that

where | have indicated the sympletic matrix J = <

J?2 = —/, and that Jz = (_y ) The corresponding left-invariant vector
fields y; »
Xj = axj - Ejam Xn+j - ayj + Ejam

generate the Lie algebra of H", since [X;, X, ;| = 0;;0,, all other
commutators being trivial.
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The horizontal perimeter

In 1994, in joint work with D. Danielli and L. Capogna, we introduced in a
general setting a generalisation of De Giorgi's variational perimeter of a
set,
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general setting a generalisation of De Giorgi's variational perimeter of a
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colorredisoperimetric inequality. Restricted to a Carnot group, such
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The horizontal perimeter

In 1994, in joint work with D. Danielli and L. Capogna, we introduced in a
general setting a generalisation of De Giorgi's variational perimeter of a
set, which we called horizontal perimeter Py, and proved an
colorredisoperimetric inequality. Restricted to a Carnot group, such
inequality states that

PH(E) = C |E|7,

where E is a Caccioppoli set (i.e., a measurable set with finite horizontal
perimeter), and Q is the so-called homogeneous dimension of the group
associated to its non-isotropic scalings.
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The notion of horizontal perimeter has proved quite useful and, thanks to
the work of many people, the theory has since enormously progressed.
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The notion of horizontal perimeter has proved quite useful and, thanks to
the work of many people, the theory has since enormously progressed.
One of the most remarkable features of the horizontal perimeter is that it
does not distinguish between the so-called characteristic and
non-characteristic points of the boundary!

Nicola Garofalo (University of Padova) Limits of some Besov seminorms Feb 10/12 2020 8 /34
8 /34



The notion of horizontal perimeter has proved quite useful and, thanks to
the work of many people, the theory has since enormously progressed.
One of the most remarkable features of the horizontal perimeter is that it
does not distinguish between the so-called characteristic and
non-characteristic points of the boundary!

Remaining in the setting of H", | recall that, given a C! domain E C H",
a point gg € OF is called characteristic if the vector fields Xj(gy) become
tangent to OF at go.
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Remaining in the setting of H", | recall that, given a C! domain E C H",
a point gg € OF is called characteristic if the vector fields Xj(gy) become
tangent to OF at gyg. These points are really unpleasant, generically they
cannot be avoided (in H" for instance, every bounded C! domain
topologically homeomorphic to a sphere must have at least one such
point)
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The notion of horizontal perimeter has proved quite useful and, thanks to
the work of many people, the theory has since enormously progressed.
One of the most remarkable features of the horizontal perimeter is that it
does not distinguish between the so-called characteristic and
non-characteristic points of the boundary!

Remaining in the setting of H", | recall that, given a C! domain E C H",
a point gg € OF is called characteristic if the vector fields Xj(gy) become
tangent to OF at gyg. These points are really unpleasant, generically they
cannot be avoided (in H" for instance, every bounded C! domain
topologically homeomorphic to a sphere must have at least one such
point) and their presence accounts for a great deal of bad things that
occur with the analysis of H".

Nicola Garofalo (University of Padova) Limits of some Besov seminorms Feb 10/12 2020 8 /34
8 /34



The notion of horizontal perimeter has proved quite useful and, thanks to
the work of many people, the theory has since enormously progressed.
One of the most remarkable features of the horizontal perimeter is that it
does not distinguish between the so-called characteristic and
non-characteristic points of the boundary!

Remaining in the setting of H", | recall that, given a C! domain E C H",
a point gg € OF is called characteristic if the vector fields Xj(gy) become
tangent to OF at gyg. These points are really unpleasant, generically they
cannot be avoided (in H" for instance, every bounded C! domain
topologically homeomorphic to a sphere must have at least one such
point) and their presence accounts for a great deal of bad things that
occur with the analysis of H". For instance, even the innocent looking
plane E = {(z,0) € H" | o = 0}, for which the origin is the only
characteristic point, with the spectacles of the intrinsic geometry of H"
looks like a cusp near 0.
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But whereas at characteristic points the Riemannian surface measure fails
to provide a uniform control at every scale of the size of a surface ball, the
horizontal perimeter does exactly that.
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But whereas at characteristic points the Riemannian surface measure fails
to provide a uniform control at every scale of the size of a surface ball, the
horizontal perimeter does exactly that. For instance, in a joint work with
D. Danielli and D. M. Nhieu, we proved that for any C1'* domain E C H"
one has for every gy € JE, and every r > 0,
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But whereas at characteristic points the Riemannian surface measure fails
to provide a uniform control at every scale of the size of a surface ball, the
horizontal perimeter does exactly that. For instance, in a joint work with
D. Danielli and D. M. Nhieu, we proved that for any C1'* domain E C H"
one has for every gy € JE, and every r > 0,

C‘B(g;?;r)‘ S 'DH(E7 B(g07r)) S C/‘B(gf*r)‘
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But whereas at characteristic points the Riemannian surface measure fails
to provide a uniform control at every scale of the size of a surface ball, the
horizontal perimeter does exactly that. For instance, in a joint work with
D. Danielli and D. M. Nhieu, we proved that for any C1'* domain E C H"
one has for every gy € JE, and every r > 0,

!Bl _ p, (£ Bgy, 1)) < ! BlE2]

r r

A result like this has far reaching implications in the development of
potential theory,
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But whereas at characteristic points the Riemannian surface measure fails
to provide a uniform control at every scale of the size of a surface ball, the
horizontal perimeter does exactly that. For instance, in a joint work with
D. Danielli and D. M. Nhieu, we proved that for any C1'* domain E C H"
one has for every gy € JE, and every r > 0,

!Bl _ p, (£ Bgy, 1)) < ! BlE2]

r r

A result like this has far reaching implications in the development of
potential theory, for instance in extension and restriction theorems, in the
solvability of the Dirichlet problem, etc.
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In H" consider now the horizontal Laplacian Ay = 21221 Xj2. For
0 < s < 1 consider the fractional powers of (—Ay)* defined by means of
Balakrishnan’s classical formula
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In H" consider now the horizontal Laplacian Ay = 21221 Xj2. For
0 < s < 1 consider the fractional powers of (—Ay)* defined by means of

Balakrishnan’s classical formula

00 1

(—AH)Sf _ r(lS_ 5) /O t1+5[Ptf — f]dt.
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In H" consider now the horizontal Laplacian Ay = 21221 Xj2. For
0 < s < 1 consider the fractional powers of (—Ay)* defined by means of
Balakrishnan’s classical formula

(~An)*f = r(1—s)/o s [Pef — flat.

Here, P, = e t2H is the heat semigroup on H" constructed by B. Gaveau
in his Acta 1977 paper.
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In joint work with G. Tralli we introduce the following quantity:
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finite horizontal s-perimeter if
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In joint work with G. Tralli we introduce the following quantity:

Given 0 < s < 1/2, we say that a bounded measurable set E C H" has
finite horizontal s-perimeter if

def .
PBr,s(E) E lim [[(=Ap)°Pelells = sup [|(~An)*PelgllL < co.
t—0t t>0
Nicola Garofalo (University of Padova) Limits of some Besov seminorms Feb 10/12 2020 11 /34

11/ 34



In joint work with G. Tralli we introduce the following quantity:

Given 0 < s < 1/2, we say that a bounded measurable set E C H" has
finite horizontal s-perimeter if

def

s13H,S(E) =

t—0

Iim+ [|(=AR)°P:lglls = sup ||[(—Aw)°Pelg||1 < oc.
>0

In this case, we call the number By s(E) € [0, 00) the horizontal
s-perimeter of E.
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When P; is the standard heat semigroup, we proved that there exists an
explicit constant C(n,s) > 0, such that
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When P; is the standard heat semigroup, we proved that there exists an
explicit constant C(n,s) > 0, such that

PBs(E) = C(n,s) Ps(E).

Thus, at least in the standard Euclidean framework, the above introduced
nonlocal perimeter Ps(E) is the same as the classical one Ps(E)!
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When P; is the standard heat semigroup, we proved that there exists an
explicit constant C(n,s) > 0, such that

PBs(E) = C(n,s) Ps(E).

Thus, at least in the standard Euclidean framework, the above introduced
nonlocal perimeter Ps(E) is the same as the classical one Ps(E)!

As we have seen, part of the importance of the nonlocal perimeters is that
they asymptotically recover the classical one of De Giorgi.
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When P; is the standard heat semigroup, we proved that there exists an
explicit constant C(n,s) > 0, such that

PBs(E) = C(n,s) Ps(E).

Thus, at least in the standard Euclidean framework, the above introduced
nonlocal perimeter Ps(E) is the same as the classical one Ps(E)!

As we have seen, part of the importance of the nonlocal perimeters is that
they asymptotically recover the classical one of De Giorgi.

It is natural to ask whether a similar phenomenon holds in the
sub-Riemannian setting of H".
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Main result

Here is our main result in this direction.

Nicola Garofalo (University of Padova) Limits of some Besov seminorms Feb 10/12 2020 13 / 34
13 / 34



Main result

Here is our main result in this direction.

Theorem (Sub-Riemannian Bourgain-Brezis-Mironescu-Davila)
Let E C H" be a C? domain.
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Main result

Here is our main result in this direction.

Theorem (Sub-Riemannian Bourgain-Brezis-Mironescu-Davila)

Let E C H" be a C? domain. Then, there exists an explicit universal
constant C > 0 such that

im (5 — 5)¥ns(E) = CPH(E),
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Main result

Here is our main result in this direction.

Theorem (Sub-Riemannian Bourgain-Brezis-Mironescu-Davila)

Let E C H" be a C? domain. Then, there exists an explicit universal
constant C > 0 such that

lim (2 — $)Pws(E) = CP(E),

s—3 2

The proof of this result is not as direct as Davila's proof in the Euclidean
case. | will now give an idea of the main steps.
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Two asymptotic results

A first basic starting point are the following two results. The first one
states that:
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Two asymptotic results

A first basic starting point are the following two results. The first one
states that:

For every bounded measurable set E C H" one has

. 1
limsup (1/2 —s) *Bu,s(E) < limsup — HPtlE 1e||;.
s 1/2 t—0t V4m
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Two asymptotic results

A first basic starting point are the following two results. The first one
states that:

For every bounded measurable set E C H" one has

1
limsup (1/2 —s) Py (E) < limsup ——||P:1g — 1£||1.
msup (1/2 - 5) Fus() < msvp | IPiLe — Le]

The second asymptotic result goes in the reverse directions with respect to
the one above.
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A first basic starting point are the following two results. The first one
states that:

For every bounded measurable set E C H" one has

1
limsup (1/2 —s) Py (E) < limsup ——||P:1g — 1£||1.
msup (1/2 - 5) Fus() < msvp | IPiLe — Le]

The second asymptotic result goes in the reverse directions with respect to
the one above.

For every bounded measurable set E C H" such that 1z € Dy ¢
(equivalently, *By s(E) < 00), one has
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Two asymptotic results

A first basic starting point are the following two results. The first one
states that:

For every bounded measurable set E C H" one has

1
limsup (1/2 —s) Py (E) < limsup ——||P:1g — 1£||1.
msup (1/2 - 5) Fus() < msvp | IPiLe — Le]

The second asymptotic result goes in the reverse directions with respect to
the one above.

For every bounded measurable set E C H" such that 1z € Dy ¢
(equivalently, *By s(E) < 00), one has

1
liminf (1/2 — o(E) > liminf ——||P:1g — 1|1
im inf (1/2 = 5) Bns(E) 2 limin \/mlltE Ell
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With these two results in hands it is now clear that, if for a bounded
measurable E C H" in a suitable class, we can show that
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With these two results in hands it is now clear that, if for a bounded
measurable E C H" in a suitable class, we can show that

liminf ——||P1
im in FH e —

15”1 = |im sup 7”Pt E — 15”1 = CPH(E)

t—ot V4

Nicola Garofalo (University of Padova)
15 / 34

Limits of some Besov seminorms

Feb 10/12 2020

15 / 34



With these two results in hands it is now clear that, if for a bounded
measurable E C H" in a suitable class, we can show that

liminf ——||P1
im in FH e —

15”1 = |im sup 7”Pt E — ]'EHl = CPH(E)

0t V4
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With these two results in hands it is now clear that, if for a bounded
measurable E C H" in a suitable class, we can show that

li f —||P:1 1 =1 ——||P:1g — 1 = CPy(E
im in FH tle — 1ells im sup FH tle — 1glls H(E),

then we are done. We thus turn to proving this crucial fact.
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With these two results in hands it is now clear that, if for a bounded
measurable E C H" in a suitable class, we can show that

liminf 7“Pt15 1£|l;1 = limsup

t—0t \/ t—0t \/

then we are done. We thus turn to proving this crucial fact.

HPtlE — 1g||1 = CPy(E),

The beginning of the story here is the beautiful approach of M. Ledoux in
his alternative proof of De Giorgi's isoperimetric inequality (without the
case of equality). One of the key steps was the following asymptotic
relation
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With these two results in hands it is now clear that, if for a bounded
measurable E C H" in a suitable class, we can show that

liminf 7\\Pt15 1£|l;1 = limsup

t—0t \/ t—0t \/

then we are done. We thus turn to proving this crucial fact.

HPtlE — 1g||1 = CPy(E),

The beginning of the story here is the beautiful approach of M. Ledoux in
his alternative proof of De Giorgi's isoperimetric inequality (without the
case of equality). One of the key steps was the following asymptotic
relation

Let E C R"” be a measurable set with finite perimeter, then for every t > 0
one has

HPt].E—].EHLl(Rn)S ?P(E)
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In 2007 Miranda, Pallara, Paronetto & Preunkert have established a
remarkable strengthening of Ledoux’ result and proved that, for every
Caccioppoli set E C R”, the limit does in fact exist and one has
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In 2007 Miranda, Pallara, Paronetto & Preunkert have established a
remarkable strengthening of Ledoux’ result and proved that, for every
Caccioppoli set E C R”, the limit does in fact exist and one has

. |4t
tl_l)rng ?HPtIE—lE”Ll(R"):P(E)- J
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In 2007 Miranda, Pallara, Paronetto & Preunkert have established a
remarkable strengthening of Ledoux’ result and proved that, for every
Caccioppoli set E C R”, the limit does in fact exist and one has

. 4t
i 2 Pie - telloen = PLE)

Our second main step shows that a delicate generalisation of this result to
the sub-Riemannian setting of H" is possible.
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In 2007 Miranda, Pallara, Paronetto & Preunkert have established a
remarkable strengthening of Ledoux’ result and proved that, for every
Caccioppoli set E C R”, the limit does in fact exist and one has

) 4t
tlr‘ng \/;HPtIE - lE”Ll(R”) = P(E).

Our second main step shows that a delicate generalisation of this result to
the sub-Riemannian setting of H" is possible. We prove in fact the
following

Theorem
Let E C H" a bounded C? domain. Then,
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In 2007 Miranda, Pallara, Paronetto & Preunkert have established a
remarkable strengthening of Ledoux’ result and proved that, for every
Caccioppoli set E C R”, the limit does in fact exist and one has

. 4t
i 2 Pie - telloen = PLE)

Our second main step shows that a delicate generalisation of this result to
the sub-Riemannian setting of H" is possible. We prove in fact the
following

Theorem
Let E C H" a bounded C? domain. Then,

. 4t
Jim /S 1Prle = Lellugan) = Ph(E).
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The proof of the above asymptotic result is quite delicate and hinges on
the following representation formula which | will state in a general setting.
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The proof of the above asymptotic result is quite delicate and hinges on
the following representation formula which | will state in a general setting.

Let p(x, y, t) be the heat kernel in RN of an operator of Hérmander type
£ = -5 XXF-
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The proof of the above asymptotic result is quite delicate and hinges on
the following representation formula which | will state in a general setting.

Let p(x, y, t) be the heat kernel in RN of an operator of Hérmander type
Z = =", X;X;". For any bounded C! domain E C R" with outer unit
normal v, one has
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The proof of the above asymptotic result is quite delicate and hinges on
the following representation formula which | will state in a general setting.

Let p(x, y, t) be the heat kernel in RV of an operator of Hérmander type
L =— ij:l XjX;. For any bounded C! domain E C RN with outer unit
normal v, one has

ot
||Pt15—15|1=2///p<x,y,7)
0 OE JOE

X Z < Xj,v(x) >< Xj,v(y) > do(x)do(y)dT.
j=1
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With such representation in hand, our final step is establishing the
following result.
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With such representation in hand, our final step is establishing the
following result.

Theorem

Consider a bounded C? domain E C H". For any relatively compact set
& C H" we have
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With such representation in hand, our final step is establishing the
following result.

Theorem

Consider a bounded C? domain E C H". For any relatively compact set
& C H" we have

li ,/4ﬂ/t/ / (g,8'.7)
m T, pg7g7T
t=0tV t Jo Joenw JoE

X Z < Xj,v(g) >< Xj,v(g') > do(g)do(g')dT = Py(E; X).
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With such representation in hand, our final step is establishing the
following result.

Theorem

Consider a bounded C? domain E C H". For any relatively compact set
& C H" we have

li ,/4ﬂ/t/ / (g,8'.7)
m T, pg7g7T
t=0tV t Jo Joenw JoE

X Z < X;,v(g) >< X;,v(g') > do(g)do(g')dr = Pu(E; ).

This theorem is obtained from a delicate asymptotic analysis of Gaveau's
fundamental solution.
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With such representation in hand, our final step is establishing the
following result.

Theorem

Consider a bounded C? domain E C H". For any relatively compact set
& C H" we have

firg ol =2 /t/ / (g,8'.7)
m T pg7g77_
t=0tV t Jo Joenw JoE

X Z < X;,v(g) >< X;,v(g') > do(g)do(g')dr = Pu(E; ).

This theorem is obtained from a delicate asymptotic analysis of Gaveau's

fundamental solution. Since this part is quite technical | cannot present it
here.
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In my remaining time | will discuss the asymptotic behaviour of Besov
seminorms in the case of the Kolmogorov-Fokker-Planck operators.
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In my remaining time | will discuss the asymptotic behaviour of Besov
seminorms in the case of the Kolmogorov-Fokker-Planck operators.

In 2002 Maz'ya & Shaposhnikova extended to all s € (0, 1) the celebrated
results of Bourgain, Brezis & Mironescu on the asymptotic behaviour as
s — 1 and s — n/p of the norm of the embedding W*P «— L9, with

1/p—1/q=s/n.
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In 2002 Maz'ya & Shaposhnikova extended to all s € (0, 1) the celebrated
results of Bourgain, Brezis & Mironescu on the asymptotic behaviour as
s — 1 and s — n/p of the norm of the embedding W*P «— L9, with
1/p—1/q =s/n. They also analysed the limit as s — 0" and proved:
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results of Bourgain, Brezis & Mironescu on the asymptotic behaviour as
s — 1 and s — n/p of the norm of the embedding W*P «— L9, with
1/p—1/q =s/n. They also analysed the limit as s — 0" and proved: if
f € WP for some 0 < sp < 1, then
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In my remaining time | will discuss the asymptotic behaviour of Besov
seminorms in the case of the Kolmogorov-Fokker-Planck operators.

In 2002 Maz'ya & Shaposhnikova extended to all s € (0, 1) the celebrated
results of Bourgain, Brezis & Mironescu on the asymptotic behaviour as
s — 1 and s — n/p of the norm of the embedding W*P «— L9, with
1/p—1/q =s/n. They also analysed the limit as s — 0" and proved: if
f € WP for some 0 < sp < 1, then

. )‘P 2
| S d d —— _ f P )
s—|>r(r)]+ /]R’V /R’V |X— |N+sp xay pUN 1] HLP
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In my remaining time | will discuss the asymptotic behaviour of Besov
seminorms in the case of the Kolmogorov-Fokker-Planck operators.

In 2002 Maz'ya & Shaposhnikova extended to all s € (0, 1) the celebrated
results of Bourgain, Brezis & Mironescu on the asymptotic behaviour as
s — 1 and s — n/p of the norm of the embedding W*P «— L9, with
1/p—1/q =s/n. They also analysed the limit as s — 0" and proved: if
f € WP for some 0 < sp < 1, then

. (y)IP 2
lim s dxdy = Zon_1||f]|P,.
o /R/R |x— |N+5P iy = pon-lfll

To introduce our results, it is useful to reformulate the above theorem
using the heat semigroup P; = e *2. For o > 0 and 1 < p < 0o, consider
the Besov seminorm
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In my remaining time | will discuss the asymptotic behaviour of Besov
seminorms in the case of the Kolmogorov-Fokker-Planck operators.

In 2002 Maz'ya & Shaposhnikova extended to all s € (0, 1) the celebrated
results of Bourgain, Brezis & Mironescu on the asymptotic behaviour as
s — 1 and s — n/p of the norm of the embedding W*P «— L9, with
1/p—1/q =s/n. They also analysed the limit as s — 0" and proved: if
f € WP for some 0 < sp < 1, then

. )‘P 2
| S d d —— _ f P )
s—|>r(r)]+ /]R’V /R’V |X— |N+sp xay pUN 1] HLP

To introduce our results, it is useful to reformulate the above theorem
using the heat semigroup P; = e *2. For o > 0 and 1 < p < 0o, consider
the Besov seminorm

a0 = ([ g [ PEUF = P )

t2
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It is an exercise to recognise that

Nicola Garofalo (University of Padova) Limits of some Besov seminorms Feb 10/12 2020 20 / 34
20 / 34



It is an exercise to recognise that

2sp|—(N+SP ( )|p
A
N p(F)P = /RN/RN x—y |N+ps dxdy.
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It is an exercise to recognise that
osp[ N+5P P
JVA( )P = ( / / )l dxdy.
RN JRN |X— |N+ps

The theorem of Maz'ya & Shaposhnikova can be reformulated in terms of
the heat semigroup P;: in the following suggestive dimension-free fashion:
if £ € WP for some sp € (0,1), then
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It is an exercise to recognise that
osp[ N+5P P
JVA( )P = ( / / )l dxdy.
RN JRN |X— |N+ps

The theorem of Maz'ya & Shaposhnikova can be reformulated in terms of
the heat semigroup P;: in the following suggestive dimension-free fashion:
if £ € WP for some sp € (0,1), then

4
lim s AL5(F)P = = 1117

s—0t
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It is an exercise to recognise that

2sp|—(N+SP )|p
NE(F dxdy.
AT = [ f R e

The theorem of Maz'ya & Shaposhnikova can be reformulated in terms of
the heat semigroup P;: in the following suggestive dimension-free fashion:
if £ € WP for some sp € (0,1), then

4
lim s AL5(F)P = = 1117

s—0t

| want to present a quite surprising generalisation of this result.
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In a series of papers, G. Tralli and | have recently developed some basic
functional analytic aspects of a class of hypoelliptic and non-symmetric
semigroups whose infinitesimal generators are the
Kolmogorov-Fokker-Planck operators in RV+1 defined as follows:
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In a series of papers, G. Tralli and | have recently developed some basic
functional analytic aspects of a class of hypoelliptic and non-symmetric
semigroups whose infinitesimal generators are the
Kolmogorov-Fokker-Planck operators in RV+1 defined as follows:

Hu=odu— 0w tr(QV2u)+ < BX,Vu > —0;u = 0,

where the N x N matrices @ and B have real, constant coefficients, and

Q=Q*>0.
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In a series of papers, G. Tralli and | have recently developed some basic
functional analytic aspects of a class of hypoelliptic and non-symmetric
semigroups whose infinitesimal generators are the
Kolmogorov-Fokker-Planck operators in RV+1 defined as follows:

Hu=du—0u t(QV2u)+ < BX,Vu > —u =0,

where the N x N matrices @ and B have real, constant coefficients, and
Q = Q* > 0. | will assume throughout that N > 2, and indicate with X
the generic point in RN, with (X, t) the one in RV+1.
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The operators # and o/ were introduced by Hormander in his celebrated
1967 hypoellipticity paper, where he showed that they are hypoelliptic if
and only if the covariance matrix

ot
K(t) == / eBQe*B’ ds
tJo

is invertible for every t > 0. Since one obviously has K(t) > 0, this is
equivalent to saying K(t) > 0 for every t > 0.
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The operators # and o/ were introduced by Hormander in his celebrated
1967 hypoellipticity paper, where he showed that they are hypoelliptic if
and only if the covariance matrix

't
K(t) == / eBQe*B’ ds
tJo
is invertible for every t > 0. Since one obviously has K(t) > 0, this is

equivalent to saying K(t) > 0 for every t > 0.

Equations encompassed by 7 u = 0 are of considerable interest in physics,
probability and finance. First, they obviously contain the classical heat
equation, which corresponds to the non-degenerate model @ = Iy,

B = Oy.
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K(t) == / eBQe*B’ ds
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is invertible for every t > 0. Since one obviously has K(t) > 0, this is

equivalent to saying K(t) > 0 for every t > 0.

Equations encompassed by 7 u = 0 are of considerable interest in physics,
probability and finance. First, they obviously contain the classical heat
equation, which corresponds to the non-degenerate model @ = Iy,

B = Op. More importantly, they encompass the Ornstein-Uhlenbeck
operator, which is obtained by taking @ = Iy and B = — Iy, as well as
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The operators # and o/ were introduced by Hormander in his celebrated
1967 hypoellipticity paper, where he showed that they are hypoelliptic if
and only if the covariance matrix

't
K(t) == / eBQe*B’ ds
tJo
is invertible for every t > 0. Since one obviously has K(t) > 0, this is

equivalent to saying K(t) > 0 for every t > 0.

Equations encompassed by 7 u = 0 are of considerable interest in physics,
probability and finance. First, they obviously contain the classical heat
equation, which corresponds to the non-degenerate model @ = Iy,

B = Op. More importantly, they encompass the Ornstein-Uhlenbeck
operator, which is obtained by taking @ = Iy and B = —Ip, as well as the
degenerate operator of Kolmogorov in R2™+1

Jou = Ayu+ < v,Vyu > —0iu =0,
: . In 0n 0n 0On
corresponding to the choice N =2n, Q = ,and B = :
0, O, ln On
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The Hormander semigroup {P;}:~0

Given f € .7, the Cauchy problem .7 u = 0 in RV*1 (X, 0) = f(X)
admits a unique solution
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The Hormander semigroup {P;}:~0

Given f € .7, the Cauchy problem .7 u = 0 in RV*1 (X, 0) = f(X)
admits a unique solution P.f(X) = [Ln p(X, Y, t)f(Y)dY, where

B cN me(X,Y)?
PCY D = Gon (B (X VD) 7 <_4t>‘
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The Hormander semigroup {P;}:~0

Given f € .7, the Cauchy problem .7 u = 0 in RV*1 (X, 0) = f(X)
admits a unique solution P:f(X) = [on p(X, Y, t)f(Y)dY, where

B cN me(X,Y)?
PCY D = Gon (B (X VD) 7 <_4t>‘

o m(X,Y) =< K(t)I(Y —eBX),Y — eBX > = intertwined
time- dependent pseudodistance
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The Hormander semigroup {P;}¢~0

Given f € .7, the Cauchy problem .7 u = 0 in RV*1 (X, 0) = f(X)
admits a unique solution P:f(X) = [on p(X, Y, t)f(Y)dY, where

B cN me(X,Y)?
PCY D = Gon (B (X VD) 7 <_4t>‘

o m(X,Y) =< K(t — etBX), Y — etBX > = intertwined
time- dependent pseudodlstance
e Voln(B:(X,Vt)) = g V(t) = volume of the time-dependent

pseudoballs B:(X,/t) (does not depend on X because of Lie group
invariance of 7 to (X, t) o (Y,7) = (Y + e BX,t + 7))
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Given f € .7, the Cauchy problem .7 u = 0 in RV*1 (X, 0) = f(X)
admits a unique solution P:f(X) = [on p(X, Y, t)f(Y)dY, where
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PCY D = Gon (B (X VD) 7 <_4t>‘

o m(X,Y) =< K(t — etBX), Y — etBX > = intertwined
time- dependent pseudodlstance

e Voln(B:(X,Vt)) = g V(t) = volume of the time-dependent
pseudoballs B:(X,/t) (does not depend on X because of Lie group
invariance of 7 to (X, t) o (Y,7) = (Y + e BX,t + 7))

@ important aspect:
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The Hormander semigroup {P;}¢~0

Given f € .7, the Cauchy problem .7 u = 0 in RV*1 (X, 0) = f(X)
admits a unique solution P:f(X) = [on p(X, Y, t)f(Y)dY, where

B cN me(X,Y)?
PCY D = Gon (B (X VD) 7 <_4t>‘

o m(X,Y) =< K(t — etBX), Y — etBX > = intertwined
time- dependent pseudodlstance

o Voly(B:(X, V1) % V(t) = volume of the time-dependent
pseudoballs B:(X,/t) (does not depend on X because of Lie group
invariance of 7 to (X, t) o (Y,7) = (Y + e BX,t + 7))

@ important aspect: the semigroup {P:}¢~0o is in general non-symmetric
and non-doubling!
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This class of PDO's has been intensively studied over the past thirty years
and thanks to the work of many people a lot is known about it.
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Nonetheless, some fundamental aspects presently remain elusive.
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This class of PDO's has been intensively studied over the past thirty years
and thanks to the work of many people a lot is known about it.
Nonetheless, some fundamental aspects presently remain elusive.

The difficulties with these hypoelliptic operators stem from the fact that
the drift term mixes the variables inextricably and this complicates the
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The difficulties with these hypoelliptic operators stem from the fact that
the drift term mixes the variables inextricably and this complicates the
geometry considerably. This is already evident at the level of the model
Kolmogorov equation and its probability transition kernel. Such
intertwined geometries are reflected in the large time behaviour of
Hormander's fundamental solution of (). This parallels in many respects
the diverse situations that one encounters in the Riemannian setting when
passing from positive to negative curvature.
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This class of PDO's has been intensively studied over the past thirty years
and thanks to the work of many people a lot is known about it.
Nonetheless, some fundamental aspects presently remain elusive.

The difficulties with these hypoelliptic operators stem from the fact that
the drift term mixes the variables inextricably and this complicates the
geometry considerably. This is already evident at the level of the model
Kolmogorov equation and its probability transition kernel. Such
intertwined geometries are reflected in the large time behaviour of
Hormander's fundamental solution of (). This parallels in many respects
the diverse situations that one encounters in the Riemannian setting when
passing from positive to negative curvature. In general, the relevant
volume function is not power like in t and need not be doubling.
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Small time behavior of V/(t)

Small time: (Infinitesimal homogeneous structure)
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Small time: (Infinitesimal homogeneous structure) 3Dy > N > 2 such that
V(t) = tPo/2 as t — 0% (proved by Lanconelli-Polidoro in 1994). We call
Dy the intrinsic dimension at zero of the semigroup {P:}+>o.

What drives the evolution however is the large time behavior of the volume
function V/(t). }
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Large time behavior of V/(t)

In this respect we introduce a notion which has a central role:
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E o> 0] [ 82 dt < oo},

Consider the set >, %6)

Nicola Garofalo (University of Padova) Limits of some Besov seminorms Feb 10/12 2020 26 / 34
26 / 34



Large time behavior of V/(t)

In this respect we introduce a notion which has a central role:

Consider the set ¥, % {a>0| [~ t/2 )ldt < 00}. We call the number
Dy, = sup 2~ the

Nicola Garofalo (University of Padova) Limits of some Besov seminorms Feb 10/12 2020 26 / 34
26 / 34



Large time behavior of V/(t)

In this respect we introduce a notion which has a central role:

Consider the set ¥, % {a>0| [~ t/2 )ldt < 00}. We call the number
D, = sup X, the intrinsic dlmen5|on at infinity of the semigroup {P:}+o0.

Nicola Garofalo (University of Padova) Limits of some Besov seminorms Feb 10/12 2020 26 / 34
26 / 34



Large time behavior of V/(t)

In this respect we introduce a notion which has a central role:

Consider the set ¥, % {a > 0| [ t/2 )ldt < 00}. We call the number

D, = sup X, the intrinsic dlmen5|on at infinity of the semigroup {P:}+o0.
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D, = sup X, the intrinsic dlmen5|on at infinity of the semigroup {P:}+o0.
When L, = @ we set Dy, = 0. If Lo # @ we clearly have 0 < Do, < .

The next result plays a pervasive role in our work.
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Consider the set ¥, % {a > 0| [ t/2 )ldt < 00}. We call the number
D, = sup X, the intrinsic dlmen5|on at infinity of the semigroup {P:}+o0.
When L, = @ we set Dy, = 0. If Lo # @ we clearly have 0 < Do, < .

The next result plays a pervasive role in our work.

Large time: Suppose tr(B) > 0. Then:
@ There exists ¢; > 0 such that V/(t) > ¢t for all t > 1.
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Large time behavior of V/(t)

In this respect we introduce a notion which has a central role:

Consider the set Y., © (o > of f7° £ )ldt < 00}. We call the number
D~ = sup X, the intrinsic dimension at infinity of the semigroup {P:}+o0.
When L, = @ we set Dy, = 0. If Lo # @ we clearly have 0 < Do, < .

The next result plays a pervasive role in our work.

Large time: Suppose tr(B) > 0. Then:
@ There exists ¢; > 0 such that V/(t) > ¢t for all t > 1.

@ Moreover, if max{Re(\) | A € o(B
such that V/(t) > cpelo? for all t

I\/v\_/

} = Lo > 0, there exists ¢g > 0
1.
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Large time behavior of V/(t)

In this respect we introduce a notion which has a central role:

Consider the set ¥ {a > O‘ e t/2 )ldt < 00}. We call the number

D~ = sup ¥, the intrinsic dlmen5|on at infinity of the semigroup {P:}+o0.
When L, = @ we set Dy, = 0. If Lo # @ we clearly have 0 < Do, < .

The next result plays a pervasive role in our work.

Large time: Suppose tr(B) > 0. Then:
@ There exists ¢; > 0 such that V/(t) > ¢t for all t > 1.

@ Moreover, if max{Re(\) | A € o(B
such that V/(t) > cpelo? for all t

I\/v\_/

} = Lo > 0, there exists ¢g > 0
1.

Note: The estimate V/(t) > it = (0,2) C Lo = Dy > 2!
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Table of V/(t), Dy and Dy

The items in red refer to operators for which the drift satisfies tr(B) > 0.
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Table of V/(t), Dy and Dy

The items in red refer to operators for which the drift satisfies
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Ex. V% V() t(B) | N | Dy | D
(1) A-d, wyt? 0 |N|N| N
Heat
2) A=< X,V > -, wn2 (1 —e 2% -N |N|N| O
Ornstein-Uhlenbeck
(3) Ayt <v, Ve > =0 wo, 1275 421 0 2n | 4n | 4n
Kolmogorov
T
1 Opv — 20y + 00, — O, 7 (5 + L (cos(2t) — 1)) 0 |2]4] 2
T8
Kramers
1
(5) Oyy — 2(v + 3)0y + v0y — Oy a1 -2e7(2—cos(20)))” | -2 | 2[4 | 0
Smoluchowski-Kramers
(64) | Ayt <0v,Vy >+ <0, Vy > -0 Wan (2& — % -1+ écﬂ - ch)n n 2n | 4n | oo
Kolmogorov with friction
(67) [ Av— <0, Vy>+<0,Vy>—0 | wop (27t +5—1—fe 2 — e’z‘)" —n | 2n|4n | 2n
degenerate Ornstein-Uhlenbeck
b
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Table of V/(t), Dy and Dy

The items in red refer to operators for which the drift satisfies

Ex. v V(t) tr(B) | N | Do | Dao
(1) A-d, wyt? 0 |N|N| N
Heat
2) A=< X,V > -, wn2 (1 —e 2% -N |N|N| O
Ornstein-Uhlenbeck
(3) Ayt <v, Ve > =0 wo, 1275 421 0 2n | 4n | 4n
Kolmogorov
T
4 Oyo — 0y + 10, — O, 7 (& + L(cos(2t) — 1)) 0 204 2
4 8
Kramers
1
vy — 4V v Op — = e — e —cos(2t)))* -
(5) Oyy — 2(v + 3)0y + v0y — Oy 175 (€7 1 —2¢77(2 — cos(2t))) 2 (2|40
Smoluchowski-Kramers
(64) | Ayt <0v,Vy >+ <0, Vy > -0 Wan (2& — % -1+ écﬂ - ch)n n 2n | 4n | oo
Kolmogorov with friction
(67) [ Av— <0, Vy>+<0,Vy>—0 | wop (27t +5—1—fe 2 — e’z‘)" —n | 2n|4n | 2n
degenerate Ornstein-Uhlenbeck
v
Notice that:
@ in Ex. 1 and 3 we have Dy = D,
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Table of V/(t), Dy and Dy

The items in red refer to operators for which the drift satisfies tr(B) > 0.

Ex. V% V() t(B) | N | Dy | Deo

(1) A-d, wyt? 0 |N|N| N

Heat
(2) A-<X,V>-9 w2 (1— e 2)F _N |N|N| O
Ornstein-Uhlenbeck
(3) Ayt <v, Ve > =0 wo, 1275 421 0 2n | 4n | 4n
Kolmogorov
T
(1) Dy = 2, + 0, ~ 0, ™ (’7‘ + 1 (cos(2t) 1)) ’ 0o 2042
1
(5) Oyo — 2(v + )0y + 00y — Oy o5 (e +1-2e22—cos(2t)? | -2 | 2|4 | 0
Smoluchowski-Kramers
(64) | Ayt <0v,Vy >+ <0, Vy > -0 Wan (2& — % -1+ %cﬂ - ch)n n 2n | 4n | oo
Kolmogorov with friction
(67) [ Av— <0, Vy>+<0,Vy>—0 | wop (27t +5—1—fe 2 — e’z‘)" —n | 2n|4n | 2n
degenerate Ornstein-Uhlenbeck
b
Notice that:
@ in Ex. 1 and 3 we have Dy = D,
@ in Ex. 4, we have Dy > D..
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Table of V/(t), Dy and Dy

The items in red refer to operators for which the drift satisfies tr(B) > 0.

Ex. v V(t) tr(B) | N | Do | Dao
(1) A-d, wyt? 0 |N|N| N
Heat
2) A—< X,V > -8, wn2 (1 —e 2% -N |N|N| O
Ornstein-Uhlenbeck
(3) Ayt <v, Ve > =0 wo, 1275 421 0 2n | 4n | 4n
Kolmogorov
T
(1) Dy = 2, + 0, ~ 0, ™ (’I + 1 (cos(2t) 1)) ’ 0o 2042
6) | G20+ 0)0, + 00, 0 | (e 41202 cos(20)t | 2 |2 | 4| 0
Smoluchowski-Kramers
(64) | Ayt <0v,Vy >+ <0, Vy > -0 Wan (2& — % -1+ %cﬂ - cm)n n 2n | 4n | oo
Kolmogorov with friction
(67) | Av— <0, Vy >+ <0, Ve > =0 | wap (26’ + % —-1- %6’% - e’“)n —n | 2n|4n | 2n
degenerate Ornstein-Uhlenbeck
v
Notice that:
@ in Ex. 1 and 3 we have Dy = D,
@ in Ex. 4, we have Dy > D..
@ in Ex. 67 we have Dy < D, = oo. V(t) = t"e®" is not doubling!
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Ultracontractivity

An important property of the semigroup is the following LP — L™
ultracontractivity:
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Ultracontractivity

An important property of the semigroup is the following LP — L™
ultracontractivity:

Let 1 < p < ooand f e LP. For every X € RN and t > 0 we have for
some cy,p > 0

PF(X)] < —22 |||,

= Vi

Combined with large time behavior we see that
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Ultracontractivity

An important property of the semigroup is the following LP — L™
ultracontractivity:

Let 1 < p < ooand f e LP. For every X € RN and t > 0 we have for
some cy,p > 0
CN,p

P < el

Combined with large time behavior we see that

tr(B) >0 = |P:f(X)| — 0as t — oo.
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Fractional hypoelliptic operators and Sobolev spaces

When tr(B) > 0 the semigroup {P;}+~0 is strongly continuous on LP and
has a closed generator (7, D,).
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Fractional hypoelliptic operators and Sobolev spaces

When tr(B) > 0 the semigroup {P;}+~0 is strongly continuous on LP and

has a closed generator (.<7,, D). Since <7, = </ on the dense core ., |
will identify them henceforth.
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When tr(B) > 0 the semigroup {P;}+~0 is strongly continuous on LP and
has a closed generator (.<7,, D). Since <7, = </ on the dense core ., |
will identify them henceforth. Using Balakrishnan's formula we define the
fractional powers of &/ on functions f € .
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Fractional hypoelliptic operators and Sobolev spaces

When tr(B) > 0 the semigroup {P;}+~0 is strongly continuous on LP and
has a closed generator (.<7,, D). Since <7, = </ on the dense core ., |
will identify them henceforth. Using Balakrishnan's formula we define the
fractional powers of &/ on functions f € .

o
(P00 =~ [P0 — (0l 0<s<L
r1—s) /o
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Fractional hypoelliptic operators and Sobolev spaces

When tr(B) > 0 the semigroup {P;}+~0 is strongly continuous on LP and
has a closed generator (.<7,, D). Since <7, = </ on the dense core ., |
will identify them henceforth. Using Balakrishnan's formula we define the
fractional powers of &/ on functions f € .

(P00 =~ | o UPAO0 — FOX0le, 0<s <1

v

o For f € . we define for 1 < p < oo

def <
1Fllz2sr = [Fllio@my + 11(=2)*Fll Lo ey-

Nicola Garofalo (University of Padova) Limits of some Besov seminorms Feb 10/12 2020 29 / 34
29 / 34



Fractional hypoelliptic operators and Sobolev spaces

When tr(B) > 0 the semigroup {P;}+~0 is strongly continuous on LP and
has a closed generator (.<7,, D). Since <7, = </ on the dense core ., |
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fractional powers of &/ on functions f € .
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v

o For f € . we define for 1 < p < oo

def <
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@ Sobolev spaces:
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Fractional hypoelliptic operators and Sobolev spaces

When tr(B) > 0 the semigroup {P;}+~0 is strongly continuous on LP and
has a closed generator (.<7,, D). Since <7, = </ on the dense core ., |
will identify them henceforth. Using Balakrishnan's formula we define the
fractional powers of &/ on functions f € .

(P00 =~ | o UPAO0 — FOX0le, 0<s <1

v

o For f € . we define for 1 < p < oo

def <
1Fllz2sr = [Fllio@my + 11(=2)*Fll Lo ey-

TN
@ Sobolev spaces: .¥%5P = il llz2sp
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| thus come to the question of interest for my talk.
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introduced a class of Besov spaces naturally associated with the semigroup
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| thus come to the question of interest for my talk. This part is joint work
with Federico Buseghin and Giulio Tralli. In our work Giulio and |
introduced a class of Besov spaces naturally associated with the semigroup
P& . Namely, for any a > 0 and 1 < p < co we defined the Besov space
BP as the collection of all functions f € LP such that

0= ([ [ P70 = 0P 0axet ) < .

t2

When o = A these spaces coincide with the classical
Aronszajn-Gagliardo-Slobedetzky spaces W*P!
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| thus come to the question of interest for my talk. This part is joint work
with Federico Buseghin and Giulio Tralli. In our work Giulio and |
introduced a class of Besov spaces naturally associated with the semigroup
P& . Namely, for any a > 0 and 1 < p < co we defined the Besov space
BP as the collection of all functions f € LP such that

Nnl(F) = (/Ox s / PE(IF = F(X)IP) (X)dth>P < o0,

t2

When o = A these spaces coincide with the classical
Aronszajn-Gagliardo-Slobedetzky spaces W*P!

Therefore, it is natural to ask what is the limiting behaviour of the
seminorms ./, (f) when s — 0.
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Here is the surprising answer:
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Here is the surprising answer:

Theorem
Assume that tr B > 0. Suppose that £ € B7%P for some o¢ > 0. Then,

lim s A, (F)P =

s—0t
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Theorem
Assume that tr B > 0. Suppose that £ € B7%P for some o¢ > 0. Then,

411£(|P _
ollflle,  trB=0,
lim s,/Vf,f ()P =
s—0+t ’
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Here is the surprising answer:

Theorem
Assume that tr B > 0. Suppose that £ € B7%P for some o¢ > 0. Then,

411£(|P _
I, tr B =0,
. of
lim s A% (F)P =
S,p
s—0t 5 p
2||f112, tr B > 0.
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Here is the surprising answer:

Theorem
Assume that tr B > 0. Suppose that £ € B7%P for some o¢ > 0. Then,

|fllp,  wB=0,
lim s/l{sfg(f)p:

s—0*
%Hng, tr B > 0.

Note that we recover (and generalise) the theorem of Maz'ya &
Shaposhnikova when tr B = 0.
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The proof of the above result is based on several steps.

First, we show that
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First, we show that

Proposition
Let tr B > 0. If f € ., then
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First, we show that

Proposition
Let tr B > 0. If f € ., then
lim (—o/)°f = f.
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The proof of the above result is based on several steps.

First, we show that

Proposition

Let tr B> 0. If f € ., then

lim (—o/)°f = f.

s—0+

The above limit is valid both in the pointwise sense, or also in the LP sense
for any 1 < p < .
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First, we show that

Proposition

Let tr B> 0. If f € ., then

lim (—o/)°f = f.

s—0+

The above limit is valid both in the pointwise sense, or also in the LP sense
for any 1 < p < co. It continues to be valid in L! when tr B > 0,
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The proof of the above result is based on several steps.

First, we show that

Proposition

Let tr B> 0. If f € ., then

lim (—</)°f =f.

s—0t
The above limit is valid both in the pointwise sense, or also in the LP sense
for any 1 < p < co. It continues to be valid in L! when tr B > 0, but it
fails when tr B = 0.
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The second step consists in showing that the theorem is valid when f is
sufficiently nice, say f € ..
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The second step consists in showing that the theorem is valid when f is
sufficiently nice, say f € .. This step already contains the surprising
discrepancy between the two cases tr B > 0 and tr B = 0.
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The second step consists in showing that the theorem is valid when f is
sufficiently nice, say f € .. This step already contains the surprising
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The second step consists in showing that the theorem is valid when f is
sufficiently nice, say f € .. This step already contains the surprising
discrepancy between the two cases tr B > 0 and tr B = 0.

The final step of the proof is the following density result.

Proposition
For every 0 < s <1 and any 1 < p < oo, we have

Szt

— S,p
=B
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| close this talk with a result, which is part of joint work with G. Tralli in
nonlocal isoperimetric inequalities for the operators 7.
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| close this talk with a result, which is part of joint work with G. Tralli in
nonlocal isoperimetric inequalities for the operators 7.

Theorem

Let s € (0,3). Suppose that tr B > 0 be valid, and that there exist
D,~p > 0 such that V/(t) > ~p tP/2 hold.
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| close this talk with a result, which is part of joint work with G. Tralli in
nonlocal isoperimetric inequalities for the operators 7.

Theorem

Let s € (0,3). Suppose that tr B > 0 be valid, and that there exist
D,~yp > 0 such that V/(t) > ~vp tP/? hold. Then, we have
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| close this talk with a result, which is part of joint work with G. Tralli in
nonlocal isoperimetric inequalities for the operators 7.

Theorem

Let s € (0,3). Suppose that tr B > 0 be valid, and that there exist
D,~yp > 0 such that V/(t) > ~vp tP/? hold. Then, we have

B> (RV) 1575 (RY).
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| close this talk with a result, which is part of joint work with G. Tralli in
nonlocal isoperimetric inequalities for the operators 7.

Theorem

Let s € (0,3). Suppose that tr B > 0 be valid, and that there exist
D,vp > 0 such that V(t) > vp tP/? hold.Then, we have

B2t (RN> < Lo (RN> .

Precisely, for every f € B! (RN) one has
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| close this talk with a result, which is part of joint work with G. Tralli in
nonlocal isoperimetric inequalities for the operators 7.

Theorem

Let s € (0,3). Suppose that tr B > 0 be valid, and that there exist
D,vp > 0 such that V(t) > vp tP/? hold.Then, we have

B2t (RN> < Lo (RN> .

Precisely, for every f € B! (]RN) one has

S
f <> f
11l e, < iy ()

where i(s) > 0 is the constant appearing in the nonlocal isoperimetric
inequality, and .42, 1(f) denotes the Besov seminorm.
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