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The problem

Flow associated to a vector field

Let us consider the Cauchy problem
(t) = b(t, (1))
: (CP)
{7(0) =X

where b: R™' = R; x R? — R" is a given vector fields (v.f.), and we
will always suppose that

b e CYR™' R").

We say that the (classical) well-posedness (WP) holds for (CP), if

VxeR"36=6(x)> 0

WP
and a unique v : (—4,5) — R" solution of (CP). (WP)
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The problem

Flow associated to a vector field

If (WP) holds for (CP), then it s well-known that 3 a unique continuous
flow X : R™' = R; x R? — R" such that, for each x € R”,

X(-,x) : R — R"is a solution of (CP) and we will call X flow
associated to b.
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The problem

Flow associated to a vector field

If (WP) holds for (CP), then it s well-known that 3 a unique continuous
flow X : R™' = R; x R? — R" such that, for each x € R”,

X(-,x) : R — R"is a solution of (CP) and we will call X flow
associated to b.

Rmk. Notice that, for each t € R,

X(t,-) : R" — R" is a homeomorphism.
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The problem

Problem

Problem: Find out assumptions on b in order that:

(i) (WP) (or a weak form) holds for (CP), for weakly
differentiable b in space (i.e., when b(t,-) € W P(R"));
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The problem

Problem

Problem: Find out assumptions on b in order that:
(i) (WP) (or a weak form) holds for (CP), for weakly
differentiable b in space (i.e., when b(t,-) € W P(R"));
(i) foreach t € R, exists g = q(t) > 1 such that
X(t.) € W (R, R").
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The problem

Problem

Problem: Find out assumptions on b in order that:
(i) (WP) (or a weak form) holds for (CP), for weakly
differentiable b in space (i.e., when b(t,-) € W P(R"));
(i) foreach t € R, exists g = g(t) > 1 such that
X(t,-) € WHI(RMRM).

loc

Rmk. If b € L>=([0, T]; W:>°(R")), from the classical
Cauchy-Lipschitz theory, (WP) follows as well as that
X € L>([0, T]; WH=(R")).
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Some previous results

Some previous results

An interesting account of main results on this topic is
[AC, Ambrosio, Crippa, Proc.Roy.Soc. Edinburgh Sect. A, 2014]
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Some previous results

Some previous results

An interesting account of main results on this topic is

[AC, Ambrosio, Crippa, Proc.Roy.Soc. Edinburgh Sect. A, 2014]

Two fundamental results about (WP) for weakly differentiable v.f.
@ [Di Perna, Lions,1989] Assume that

be CYR™; R N L'([0, T]; W' (R",R")),¥ T > 0, (Sobreg)
div (b) € L'(R; L(R")). (Bddiv)

Then there exists a unique generalized flow X : R; x R} — R”
associated to b.
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Some previous results

Di Perna-Lions’ notion of flow

X : Ry x R} — R" is said to be a generalized flow associated to b,
according to Di Perna-Lions’ theory, if X € CO(Ry; L (RZ)) and, for
each 8 € C'(R",R") satisfying

B(X) € L=(R; Liwe(R"), sup [DB(2)| (1 +|2]) < oo,

ZERN
it holds
OB(X) = DB(X) - b(t,X)on (0,00) x R"
B(X)(0,x) = B(x) ae xeR" ’

where the equation must be understood in distributional sense.
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Some previous results

Ambrosio’s notion of flow

@ [Ambrosio,2004] Assume that
b e CAUR™,R™) N L'([0, T]; BVioe(R", R™)), (BVreg)
div (b) € L'([0, T]; L°(R")). (Bddiv)

Then there exists a unique Lagrangian flow X : [0, T] x R" — R”,
according to Ambrosio’s theory. More precisely, a map

X : [0, T] x R" — R" is said to be a regular Lagrangian flow
associated to b if

(LF1) for a.e. x € R", the curve R > t — X(t, x) is an absolutely
continuous solution of (CP);
(LF2) there exists a constant L, independent of ¢, such that

X(t, ~)#En < LL.
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Some previous results

Rmk. Di Perna-Lions and Ambrosio’s notions of flow are equivalent
provided that (Sobreg) and (Bddiv) hold.

Rmk. There are examples which prove that , if (BVreg) and (Bddiv)
do not hold, then the well-posedness may fail.

Rmk. When n = 1, condition (Bddiv) turns out to the classical
Lipschitz condition on b.
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Some previous results

(WP) with unbounded div (b)

One of the first result of (WP) when (Bddiv) does not hold.
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Some previous results

(WP) with unbounded div (b)

One of the first result of (WP) when (Bddiv) does not hold.
@ [Desjardins,1996] Assume that (Sobreg) holds and

exp(|div b]) € L'(R¢; L'(RD)))
Then there exists a unique X : Ry x R} — R” such that

X € L>(R; x RF,R™) such that, V& € C°(R"), it holds

a0(X) = D®(X)- b(t,X) on (0, 00) x R”
P(X)(0,x) = &(x) ae xeR" '

where the equation must be understood in distributional sense.
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Some previous results

(WP) and regularity of flows

Question: What about the Sobolev regularity of a flow?
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Some previous results

(WP) and regularity of flows

Question: What about the Sobolev regularity of a flow?
Some counterexamples.

@ [Jabin, 2016] For each p € [1, o0) there exists a compactly
supported, divergence free v.f. b € L'([0, T]; W'P(R?)), such
that the associated regular Lagrangian flow X satisfies

X(t,-) ¢ W9(R?) for each g > 1, foreach t > 0.

loc

F. Serra Cassano Sobolev regularity of flows 12/24



Some previous results

(WP) and regularity of flows

@ [Alberti, Crippa, Mazzuccato, 2019] Let n > 2. Then there exists
a compactly supported in space, v.f.
b e L°([0, 00) x RY) N L],,([0, 00); WIP(R™)), for each p € [1, x0),

such that the associated regular Lagrangian flow X satisfies

X(t,)"" ¢ W 9(R") for each g > 1, foreach t > 0.

loc
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Some previous results

(WP) and regularity with bounded div (b)

@ [Clop, Jylha, 2019] Let
ExpL(Q) := {f: Q — R : exp(|f]) € L'(Q)}. If f € ExpL(Q),

1]l Expos () = |nf{)\>0 /exp('f( )|)dx<oo}.

Assume that b satisfy (Sobreg), (Bddiv) hold and

Dyb € L'(]0, T]; ExpLio.(R")). Let X : [0, T] x R" — R" be a
Lagrangian flow associated to b. Suppose thatg > 1, t > 0 and
a ball B ¢ R" satisfy

1
a< 55,77 Where 1) / |Deb(s, )| exp (B) s

and c, is a suitable constant and B = Bs, such that X(s, B) c B,
foreach s € [0, T].
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Some previous results

(WP) and regularity with bounded div (b)

@ [Clop, Jylha, 2019] Let
ExpL(Q) := {f: Q — R : exp(|f]) € L'(Q)}. If f € ExpL(Q),

1]l Expos () = |nf{)\>0 /exp('f( )|)dx<oo}.

Assume that b satisfy (Sobreg), (Bddiv) hold and

Dyb € L'(]0, T]; ExpLio.(R")). Let X : [0, T] x R" — R" be a
Lagrangian flow associated to b. Suppose thatg > 1, t > 0 and
a ball B ¢ R" satisfy

1
a< 55,77 Where 1) / |Deb(s, )| exp (B) s

and ¢, is a suitable constant and B = Bs, such that X(s, B) ¢ B,
for each s € [0, T]. Then X € L>=([0, t]; W"9(B)).

F. Serra Cassano Sobolev regularity of flows 14/24



Some previous results

(WP) and regularity with bounded div (b)

@ [BN,Brué, Nguyen, 2019] Assume that b satisfy (Sobreg),
(Bddiv) and there exists 3 > 0 such that

sup exp (8| Dxb(t, x)|) dx < oo. (*)
te[0, 7] JR7

Let X : [0, T] x R" be the associated Lagrangian flow associated
to b.
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Some previous results

(WP) and regularity with bounded div (b)

@ [BN,Brué, Nguyen, 2019] Assume that b satisfy (Sobreg),
(Bddiv) and there exists 3 > 0 such that

sup exp (8| Dxb(t, x)|) dx < oo. (*)
te[0, 7] JR7

Let X : [0, T] x R" be the associated Lagrangian flow associated
to b. Then, foreach t € [0, T], X(¢,-): R" - R"is a
homeomorphism and X(t,-), X(t,-)~' € W,%(R"), for any

0< t< cﬁn, where q; := % for a suitable constant ¢, > 0.
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Some previous results

(WP) and regularity with bounded div (b)

@ [BN,Brué, Nguyen, 2019] Assume that b satisfy (Sobreg),
(Bddiv) and there exists 3 > 0 such that

sup exp (8| Dxb(t, x)|) dx < oo. (*)
te[0, 7] JR7

Let X : [0, T] x R" be the associated Lagrangian flow associated
to b. Then, foreach t € [0, T], X(¢,-): R" - R"is a
homeomorphism and X(t,-), X(t,-)~' € W,%(R"), for any

0< t< cﬁn, where q; := % for a suitable constant ¢, > 0.

Rmk. Counterxamples are given in [BN] below integrability condition

(%).
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Some previous results

(WP) and regularity with unbounded div (b)

@ [Reimann,1976],[Clop, Jiang,Mateu, Orobitg,2018] Assume that
(Sobreg) holds and

D.b+ Db

Sab = 5

—divbly, € L'([0, T]; L°(R") and n > 2.
Then there exists a unique Lagrangian flow X : [0, T] x R" — R"
such that, for each t € [0, T], X(t,-) : R” — R" is a quasiregular
(or, equivalently, quasiconformal) homeomorphism, that is
X(t,-) € W"(R" R") and there exists a constant K = K(t) > 1

loc
such that Jx(;.) := detD,X(t,-) € L},.(R") and

loc

IDxX(t,x)|" < K Jx,)(x) fora.e. x e R".
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Some previous results

(WP) and regularity with unbounded div (b)

Rmk. [If Spb(t,-) € L>°(R") then Dyb(t,-) € BMO(R"). In particular
there exists ¢ > 0 such that exp(c|Dyb(t,-)|) € L|.(R™).

Rmk . It is well-known that there exists g = q(t, n, K) > n such that
X(t,-) € WHI(R RM).

loc
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Some previous results

(WP) and regularity with unbounded div (b)

Rmk. [If Spb(t,-) € L>°(R") then Dyb(t,-) € BMO(R"). In particular
there exists ¢ > 0 such that exp(c|Dyb(t,-)|) € L|.(R™).

Rmk . It is well-known that there exists g = q(t, n, K) > n such that
X(t,-) € WHI(R RM).

loc

@ [Jiang, Li,Xiao, 2019] Assume that n = 1, (Sobreg) holds and
Dyb € L'([0, T]; BMO(R))

Then there exist a unique(classical) flow X : [0, T] x R — R.
Moreover for each t € [0, T], X(¢,-) : R" = R"is a

homeomorphism, with DxX(, t,) € Wll"c1 (R). Moreover
IDyX(t, )| € Aso(R). In particular X(t,-) € CO*(R").

loc
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A new result

New result of (WP) and regularity with unbounded
div (b)

In the following we will denote by Bg a closed ball of R” centered at a
given point xo and radius R > 0.

Theorem([Ambrosio, Nicolussi Golo, S.C.,2020)]
Letn> 1and be CO(R™',R") N L] (R;, W) (RZ,R")) with

loc

Spt(b) C Q7—07Ro = [— To, To] X BE’O .

Assume there exists p > n such that

2
exp (2 To p’ti - |DXb|) € L'(Qr.R,)- (Expint)
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New result of (WP) and regularity with unbounded
div (b)

In the following we will denote by Bg a closed ball of R” centered at a
given point xo and radius R > 0.

Theorem([Ambrosio, Nicolussi Golo, S.C.,2020)]
Letn> 1and b e CO(R™ R") N L (R,, W' (RZ, R")) with

loc loc

Spt(b) C Q7—07Ro = [— To, To] X BRO .

Assume there exists p > n such that

2
exp (2 To p’ti - |DXb|) € L'(Qr.R,)- (Expint)

Then there exists a unique continuous flow X : R; x R} — R”
associated to b satisfying the following properties:
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A new result

New result of (WP) and regularity with unbounded
div (b)

(i) foreach te R, X(t,-): R” — R" is a homeomorphism and

X(t,-), X(t,)"' € WP(R",R),

loc

and, foreach R > Ry + 1, there exists a positive constant
C1 = Cy(n, Ty, p) such that

2
/|DXX(t,x)|pdx§ Cy Hexp<2T0 P |DXb|)
Br p—n

L'(Qry.R)

e H exp (2 To pf _ |Dxb|>

Lr(Qry,R)
Vte [*To7 To]

(SE)
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A new result

(i) Jx(t,-) := detDyX(t,-) satisfies the following properties:

foreach t e R, Jx(t,-) € ngoc(Rn); ()

for £L"-a.e. x e R}, foreach T > 0
[-T,T] >t div(b)(t, X(t,x))isL'(-T, T)Vre[l,o0)

and Jx(t, x) = exp (/tdiv(b)(v, X(v, x))dv> Vte[-T,T];
0
(3)

foreach t € R, X(t,-)4L" = Jx-1(1,) L". (4)
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A new result

Proof’s outline of (SE)

1st step. Estimate (Expint)on b implies that Osgood’s
uniqueness criterion for ODEs applies. As a consequence, we
can infer that the classical (WP) holds for b. Then there exists a
unique continuous flow X : Ry x R} — R".
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A new result

Proof’s outline of (SE)

1st step. Estimate (Expint)on b implies that Osgood’s

uniqueness criterion for ODEs applies. As a consequence, we

can infer that the classical (WP) holds for b. Then there exists a

unique continuous flow X : Ry x R} — R".

2nd step. Let (pc). be a family of mollifiers and let

be(t, x) := (b(t,-) % pe)(x). Let X, be the (regular) flow

associated to b.. Then one can prove that, for each t € R,
X(t,-) = X(t,-)in LP (R7),as e — 0.

loc
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A new result

Proof’s outline of (SE)

3rd (key) step. By classical properties of ODE’s flow and
Hélder inequality, one can prove that Sobolev estimate (SE)
holds for X..
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A new result

Proof’s outline of (SE)

3rd (key) step. By classical properties of ODE’s flow and
Hélder inequality, one can prove that Sobolev estimate (SE)
holds for X..

4th step. One can pass to the limit, as ¢ — 0™, in (SE) for X,
getting (SE) for X.
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A new result

Applications to PDEs

From this result of Sobolow regularity for flows, we have been
studying possible applications to the regularity of weak
solutions of the Cauchy problem for the transport and continuity
equations. Namely

. pr— i n
O+ b-Vu =0in(0,T) xRy (CPTE)
U(O, ) =u

. NG n
Orp +div (bp) = 0in (0.T) xR (CPCE)

meant in sense of distributions.
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