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81 Introduction

Let d > 3. We consider the Cauchy problem for semilinear heat equation:
P Bu — Au = [ulP" 1y in (0,T) x R%,
u(0) = ug € H'(R?),
where T' > 0 and p* := 9+2 is the H-critical exponent.
Sobolev inequality:
||f||Lp*+1(]Rd) < Sp*+1||f|IH1(]Rd)7 fe Hl(Rd)v
where S« 11 is the best constant.

Energy: The energy functional E : Hl(Rd) — R is defined by

E(u) = —IIUII

”u”Hl(Rd) o +1(]Rd)’

and the energy is (formally) dissipated along solutions to (P):

%E(u(t)) /d e ()2 dz < 0.

Ground state solution:

1
2
(1+ d(; 2))
is a ground state solution to the corresponding stationary problem —Au = |u|1’*—1u, ue HY(RY).

W(zx) := € H'(RY)
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81 Introduction

Classification of behavior of solutions

Let u be a solution to (P) with u(0) = up € H'(R%). Suppose E(ug) < E(W). Then
(i) ||“0||H1(Rd) < ||W||H1(Rd) = u is global and dissipative, i.e., tl—ifgo ||u(t)||H1(Q) =0.

(i) ||uo||H1(Rd) > ||W||H1(Rd) = u blows up in finite time.

G:={f€H:E(u) < EW), Jluoll g1 < W]l g1} U {0},
B:={f € H': E(u) < E(W), [uoll g1 > Wl g1}

1 ‘41 Lo
X =M ¥ =5l

Y [l = 1W
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81 Introduction

Known results

There are many results on the global behavior and blow up in finite time in the following cases:
o The Cauchy problem for semilinear heat equation on R¢;
o The Dirichlet problem for semilinear heat equation on a bounded domain .

Energy subcritical case (1 < p < p*):

o Below the ground state
--- D. H. Sattinger (1968), M. Tsutsumi (1972), L. E. Payne-D. H. Sattinger (1975),
R. lkehata-T. Suzuki (1996), F. Gazzola-T. Weth (2005), etc.

o Related results
--- F. Gazzola-T. Weth (2005), F. Dickstein-N. Mizoguchi-P. Souplet-F. Weissler (2011).

Energy critical case: p = p*

o Below the ground state - - - S. Gustafson-D. Roxanas (2018): Q = R*.
But they impose the additional assumption ug € L?(R%)
in the blow up result.
(Schradinger, wave equations: C. Kenig-F. Merle (2006, 2008), R. Killip-M. Visan (2010)).

o Related results - - - R. Schweyer (2012), C. Collot-F. Merle-P. Raphaél (2017).
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81 Introduction

Our aim

The aim is to generalize the above results to more general situations:

Bru+ Lu = |ulP~lu

with a self-adjoint operator £ such as the Dirichlet Laplacian on an open set, Robin Laplacian on
an exterior domain, and Schrodinger operators, etc.
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82 Results

Letd > 1 and Q be an open set in R4, and let £ be a suitable self-adjoint operator on L2(Q).

We consider

Ou+ Lu=F(u) in(0,T)x Q,
(Pz) {

u(0) = ug € £(L),

where T' > 0, and F(u) and £(L) are one of the following:
(2) (Subcritical) F(u) = —u+ |u|P~'u (1 < p < p*) and E&(L) = HY(L);
(b) (Critical) F(u) = |u[P" ~1u (d >3) and &(L£) = H(L).

o (Sobolev spaces) The norms of H(£) and H! (L) are given as follows:
1 1
Alerey = 1T+ L2 fllezy,  Nfllgrey = 1£2fllz2@),

where T is the identity operator on L2(Q).

o (Energy functional) £ (u) := 3l[ull2 ) — T-h”“”iﬁl(g)-

K. Taniguchi (Nagoya Univ.) Semilinear heat equations Dispersive and subelliptic PDEs



82 Results

© (Nehari functional) J.(f) := || fII2 ) — ||f||?;41r1(9).

o (Critical value of E) I, := inf{E-(f): f € E(L)\ {0}, Jc(f) = 0}.

Remark. In the critical case when £ = —A on R4,
0 J_a(up) >0 < ||u0”H1(Rd) < ||W||H1(]Rd)a
J-a(uo) <0 <= lluoll g1 ray > Wl g1 (gay-
0 l_aA=EW).
Therefore, in this case, the classification result is equivalent to the following:

Let u be a solution to (P ) with u(0) = uo € £(L). Suppose E.(uo) < l. Then
(i) Jz(uo) > 0 = wis global and dissipative, i.e., tl_i)m lu@®)lle(cy = O.
oo

(i) Jz(uo) < 0= ublows up in finite time.
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82 Results

Energy subcritical case (a): 1 < p < p*

Assumption (A). For any 2 < ¢ < p* + 1, there exist C > 0 and w < 1 such that

_dcl_1
”e_t£||L2(Q)_)Lq(Q) <Ct 2(2 q)e“’t, t>0.

Remark. Assumption (A) = H!(L) — LPT1(Q) (1 < p < p*).

Theorem 1 (lkeda-T., arXiv:1902.01016).

The problem (P ) is local well-posedness in H'(L£). Moreover, if ug € H' (L) satisfies
Er(uo) <lg, then:

(i) Jz(uo) > 0 = The solution  is global and tl_i}n;) lu() g1y = O-

(i) Jz(up) < 0= The solution u blows up in finite time.
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82 Results

Energy critical case (b): p = p*

Assumption (B). Let K (t; z,y) be an integral kernel of the semigroup {e—*};~¢. There exist
C1, Cz > 0 such that: )
lz—y]|

d —1E—Yl
|Kc(tz,y)| < Cit~2e C20 | t>0, ae.z,yc€ .

Remark. Assumption (B) = H!(£) — LP"T1(Q) (d > 3).

Lemma 1.
Suppose that L satisfies Assumption (B). Then the following assertions hold:
(i) Forany1 < ¢q <7 < oo,

_d¢l_ 1
(1) le™* | La(a)—Lr(y < Ct 2G9) ) g0
(ii) Let1<qgr§ooand§=§(%-}).Then

(2 ||e_th||L"/(R+;L"(Q)) < Clfllpay, f€LUQ),

(3) le ™ fll g2 gy s (2y) < CMfllLay,  F € L2(9).
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82 Results

Energy critical case (b): p = p*

Lemma 1.
(i) Let1 <q1 < g2 <ocandl < vy,v2 < oo satisfying

1 1 d /1 1 d 1 1
—e— (== ) -1, S (=)<
Y2 M 2\a @ 2\qg1 g2

Then
t
@ |[ e earas < Ol oy o (@),
0 L2 (R4 ;L92(Q))
t t L
® |[eearrma|  <olflmE, me
0 Loo(Ry3H1(L))

Remark. The space-time estimates (3) and (5) are better than endpoint estimates appeared in the
case of Schrédinger equation. These estimates (3) and (5) are useful in the proof of LWP in
H'(L), because (3) and (5) allow us to avoid to estimate ||£2 (|u[?~1u)].
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82 Results

Energy critical case (b): p = p*

Theorem 2 (lkeda-T., arXiv:1902.01016).

The problem (P) is local well-posedness in H*(£). Moreover, if ug € H' (L) satisfies
Er(uo) <lg, then:

(i) Jz(uo) > 0and HUOHHI(L) < 1 = The solution u is global and tl_i)n;o ||u(t)||H1(£) =0.

(i) Jz(uo) < 0= The solution u blows up in finite time.

Remark.
@ When £ = —A on R?, it is known that the smallness assumption can be removed via the
profile decomposition plus backward uniqueness (see S. Gustafson-D. Roxanas (2018)).
o We succeed in removing the additional assumption uo € L2(R*) in the blow up result of

Gustafson-Roxanas (2018) by modifications of the blow up argument in Gustafson-Roxanas
(2018) and the cut-off argument.
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82 Results

Examples of £

o L is the Dirichlet Laplacian —A  on an open set
= L satisfies Assumptions (A) and (B) (see E. M. Ouhabaz (2005)).

@ L is the Robin Laplacian on an exterior domain with compact and Lipschitz boundary
= L satisfies (A) and (B) (see H. Kovafik-D. Mugnolo (2018)).

o L is the Schrédinger operator —Ap + V' on an open set with a Kato potential V' = V (z)
satisfying the smallness condition on its negative part
= L satisfies (A) and (B) (see P. D’Ancona-V. Pierfelice (2005), T. Iwabuchi-T. Matsuyama-T.
(2018)).

o L is the Schrédinger operator —A — ¢/|z|? with 0 < ¢ < (d — 2)?/4
= L satisfies (A), and not (B) (see N. loku-G. Metafune-M. Sobajima-C. Spina (2016), N.
loku-T. Ogawa (2019)).
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83 Outline of proof of Theorem 2 (ii)

Variational estimates

Define
G:={f€&L): Ec(f) <lg,Jc(f) >0} n{0},

B:={f€&(L): Ec(f) <lc,Jc(f) <0}
Then we have the following:

(i) fug € G (Bresp.), then u(t) € G (Bresp.) forany t € [0, Trm).
(i) Ifug € G, then there exists 6 > 0 such that

Je(u(t)) > 8llu®)llfzy, t € [0,Tm).

(i) Ifug € B, then there exists § > 0 such that

Je(u(t)) < =(p+ D{le — Ex(u(t))}, t€[0,Tm).

The proof is almost the same as in Kenig-Merle (2006, 2008).
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§3 Outline of proof of Theorem 2 (ii)

We consider only the assertion (ii), i.e.,

(6) Jr(uo) < 0 = the solution u blows up in finite time.

Let up € B. Suppose Trm = Tm(uo) = +oo. We take xg € C3°(R™) such that

(@) L |z <R,
XR(Z) =
0, lz| > R+1

and define .
In(®) = [ Ixnu)Feq ds+ 4. 120,

where R > 0 and A > 0, which are chosen later. Here we note that
xru(t) € LQ(Q), t>0,
since
(7) Ixru®)llL2(0) < CR”u(t)”Lp*+1(Q) < Ck”“(t)”;;l([;),

by Holder’s inequality and the Sobolev embedding H1(£) < LP"+1().
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§3 Outline of proof of Theorem 2 (ii)

It suffices to show that
®) IRMIR() — (L+a)IR()* >0, t>0
for some o > 0 and R > 0. In fact,

IE®IRE) — (1 + )IR(#)?2 >0 «— — (IR(t)aH >0
T4 (t) ro)  Ixrwoliag,
Ig(t)a+t I(O)a+1 - Aa+1 -
1 1 1
=& (t@r ) >
o 1(0)*
= Ir(®)" > 1—1(0)>aat e

ast — 1/(Ir(0)%*aa) = A/(a||XRuo||2Lz(Q)) =:{ (< +o0). Hence

limsup || x ru(t) || L2(q) = +oo.

t—t—
Therefore we find from (7) that
(9) lim sup [|u(t)|| g1 7,y = +o0.
t—t—

On the other hand, we have u € C([0, T); H'(L)) for any T > 0 by the assumption T}, = +oo.
This contradicts (9). Thus we conclude (6).
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§3 Outline of proof of Theorem 2 (ii)

We show (8), i.e.,
IRWIR(E) — 14+ a)R#)? >0, t>0

for some R > 0 and « > 0. Now

Th(t) = Ixru(®l32 o),

Iz (t) = 2(xru(t), xRut(t)) L2(0)
= 2(u(t), ut(t)) 20y + 2((xR — Du(t), ue (1)) 2(0)
= —2J¢(u(t)) + 2((x% — Du(t), ue(t)) p2(q)-

Here we note that

(10) sup |(u(t), ue () 2oyl < o0,
te(0,T)

since u € L>([0,T); H'(£)) and u; € L>([0,T); H~1(L)) by Lemma 1.

K. Taniguchi (Nagoya Univ.) Semilinear heat equations Dispersive and subelliptic PDEs



§3 Outline of proof of Theorem 2 (ii)

+ 2
IR(t)? = (HXRUO”%Z(Q) + 2/0 (XRu, XRUL) L2 () ds)
t 2
< (L+e Dlixruollzz ) +4(1 +¢) (/0 (XRU, XRUL) £2(0) ds)
t t
< 1 e Dol +40+9) ([ e By a5 ) ([ eIz g, ds)
for any € > 0, and estimate I, (t) from below as
145 2 200" + D{lz — Er(u(®)} + 2(0ck - Dult), () 20
t
> 2(p" +1) (zL ~ Buuo) + [ ue(@) oy ds) +2((0¢k — Dul®), ur(0) 12
t
> 20"+ 1) (11~ Buuo) + [ w93 ds) + 20k = Do) ue ) o
by Lemma 2 (iii) and the energy identity
t
BL(u(0) = By (o) = [ ()] ds

Here we note that u¢ € L2((0,T); L%(2)) by Lemma 1.
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§3 Outline of proof of Theorem 2 (ii)

Let & > 0. By summarizing the above estimates, we have
IZWOIR(H) = (1 + a)IR(t)?

t t
220 +) (12 = Bulw) + [ Iwun@)la ds) ([ Iru(o) e ds + 4)

— a0+ +0) ([ Iru s ds) ([ henur s e ds)

— (1 +a) A +e Hluollzz gy — 2k — Dult), ur () L2 (o)-

Here it is ensured by (10) that
(O = Dult), ue(®) L2yl =0 as R — +oo.
Hence, taking «, ¢ sufficiently small and A sufficiently large such that
20"+ 1) > 4(1+a)(1+¢e), 20"+ D{l — Er(uo)}A > 1+ )1+ Huoll72 o),

and R sufficiently large, we obtain (8). O
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Thank you for your attention.
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