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Introduction

It is known by the classical works of Matsumura (1976),
Todorova-Yordanov (2001) and Zhang (2001), that the critical exponent
of the Cauchy problem for the semilinear damped wave equation in the
Euclidean setting

up — Au+up = |ulP, xeR" t>0,
u(0,x) = up(x), x € R”,
u(0, x) = w1 (x), x € R,

is the same one as for the semilinear heat equation, namely, the Fujita
exponent ppyj(n) =1+ 2/n. This is due to the presence of diffusion
phenomena among the corresponding linear equations.

In this talk we are going to focus on the analogous semilinear Cauchy
problem, but in the Heisenberg group, providing the corresponding
critical exponent.



Short recap on Heisenberg group

The Heisenberg group is the Lie group R?"*1 = H,, endowed with the
multiplication law

(5 y,T)o(X,y, TV =(x+x,y+y , 7+7 + %(X~y/ —y-y).

A system of left-invariant vector fields that span the lie algebra
b, = Lie(H,) is given by

. Yj . Xj .
)g:axj—EJaT,\/j:ayj+§faT,aT (1<j<n)
so the Lie algebra admits the stratification h, = V4 & V5, where

Vi = span{X;, Y;}1<j<n is the so-called horizontal layer and
Vo = span{d; }. The vector fields in V; are called horizontal vector fields.

Therefore, H,, is a stratified Lie group of step 2 with homogeneous
dimension Q = 2n + 2.



Let u € B(H,), then the horizontal gradient of u is

Vi = Y (5u)X; + (Y)Y,

j=1
Let u € B2(H,), then the sub-Laplacian of u is
Apu = ZXfqu szu.
j=1

As in the Euclidean framework, we might introduce Xju and Yju in the
distributional sense by using €3°(H,) functions. So, we shall consider as
Sobolev space

HY(H,) = {u € [*(H,) : Xju, Yju € [*(H,) forany j=1,...,n}



Our problem

We are going to investigate the Cauchy problem for the semilinear
damped wave equation in the Heisenberg group H,, namely

Uy — Aqu+ ue = |ulP, neH, t>0,
U(O,X) - UO(X)’ n € an (CP)
ue(0, x) = wy1(x), neH,.

We shall prove that the critical exponent for (CP) is the Fujita-type
exponent pr,i(Q) =1+ 2/Q.

We point out that recently it has been proven even for the semilinear
heat equation in the Heisenberg group that pr,j(Q) is the critical
exponent by Ruzhansky-Yessirkegenov (in the more general frame of
unimodular Lie group with polynomial volume growth) and by Georgiev-P
(in the Heisenberg group with lifespan estimates in the subcritical and
critical cases).



In order to show that pr,j(Q) is the critical exponent for (CP), we have
to show a blow-up result for 1 < p < pr,;j(Q) and global existence result
for small data solutions for p > pr;(Q).

The following blow-up result can be proved by using the so-called test
function method developed by Mitidieri-Pohozaev (and applied to the
semilinear damped wave model by Zhang). This method is based on a
scaling argument, so for the scaling in Heisenberg group we need to
employ the anisotropic dilations.

On the other hand, for the global existence result we will work with
exponentially weighted Sobolev spaces. In particular, the decay estimates
for the corresponding homogeneous problem are derived by using phase
space analysis in H,.



Blow-up result

Theorem
Let n > 1. Let up,u; € LY(H,) such that

R—oc0

lim inf/925 (uo(n) + ur(n))dn > 0,

where Dr = B,(R) x B,(R) x [-R?, R?].
Let us assume that u € LY ([0, T) x R") is a weak solution to (CP),

with lifespan T > 0. If 1 < p < pr,; (@), then T < oo, that is, the
solutions u blows up in finite time.



Global existence result

Before stating the main result concerning the global existence of small
data solutions, we introduce the main tools that are used in the proof.

The first fundamental result for the proof (definition of the space for the
solution) is given by the following decay estimate for the homogeneous

Cauchy problem

Uy —Ayu+u =0, neH, t>0,
U(O7X) = UO(X)a n € Hna (hCP)
ur(0, x) = w1 (x), n € Hp.




Theorem (Decay estimates)
Let us assume (uo, u1) € (H*(H,) N L*(H,)) x (L2(H,) N L*(H,)).
Let u € €([0,00), H*(H,)) N 6([0,00), L>(Hn)) solve the Cauchy problem
(hCP). Then, the following decay estimates are satisfied
_a
llu(t, Mz, < C(L+ 1) 4| (vo, ur)ll2(H,)nezH,)
_a_1
IVhu(t, Mizm,y < C(1+t)7 372 [|(uo, un) (2 H,)ALE (HL) x (L2 (H)ALE (H))
_a_
18 u(t, )iz, < C(L+ 8) ™| (uos )l ra )Lt () < (2 (HAALEH))

for any t > 0. Furthermore, if we assume just (uo, u1) € H*(H,) x L2(H,),
that is, we do not require additional L*(H,) regularity for the Cauchy data,
then the following estimates are satisfied

Nlu(t, Mz, < Cll(uo, u)ll2(ny)
_1
IVuu(t, Mizw, < C(L+ t)72 || (vo, un) || 2 (Hy) x L2(H)
[0eu(t, Mizmny < CL+ )7 |(uo, tr) |12y x £2(H2)

for any t > 0. Here C > 0 is a universal constant.



We underline that the previous decay estimates are completely analogous
to the ones derived in the Euclidean framework in the pioneering paper of
Matsumura (1976).

Another important tool that allows us to handle the nonlinear term is a
Gagliardo-Nirenberg type inequality in H,:
Lemma (Gagliardo-Nirenberg inequality)

Let n > 1. Let usconsider2§q§2+%:

2. Then, the following
Gagliardo-Nirenberg inequality holds

IVllsry < CIVRVIEE, IV

for any v € HY(H,), where C is a nonnegative constant and 6(q) € [0, 1]
is defined by




If we worked only with the classical energy spaces (i.e. without
considering exponentially weighted Sobolev spaces), we would apply GN
inequality to estimate both the LP(H,)-norm of u and L?P(H,)-norm of
u. But then we would have a not empty range for p only for n =1
(furthermore, in this case the range for p is reduce to {2}).

Therefore, we introduce the Sobolev spaces L? and H' with exponential
weight e?(t)

LZey(Ha) = {v € L’(H,) : [[e? )| 2(n,) < o0},
Hiey(Hn) = {v € H'(H,) : | v| 12,y + le” )V vl 2,y < oo},
where

X2 + |yl? + 4l7|

8L+10) for anyn = (x,y,7) € H,.

P(t,n) =
In particular, as space for the Cauchy data we consider

dA(H,) = H;,(07.)(Hn) X pr(m,)(Hn).



Fundamental properties of

|va(t7 77)|2 + wt(t,n) § 0

_ x| + ly[?
AHw(tvn) - 2(1_|_ t) 4(1_|_ t)

do(7)

for any t > 0 and any n = (x,y,7) € H,,, where o(7) denotes the Dirac
delta in 0 with respect to the 7 variable.




These properties of the function v (t, ) are essential to prove the next
a-priori estimate.

Lemma

Let n>1 and p > 1 such that p < pan(Q) = @&

Let (ug, u1) € A(H,,). If u solves (hCP), then, the following energy
estimate holds for any t € [0, T) and for an arbitrary small 6 > 0

Bu[u](t) S Bu[u](0) + By [u](0) =

p+1
+ ( sup (1 _i_s)(SHe(p%Jrﬁ)’l’(s,')u(s, -)||Lp+1(|.|n)) ,
s€[0,t]

where

Bulul() = | 0 (Jue, )P + V(. )) do

n



Now we can state the global existence result.

Let n > 1. Let us consider 1 < p < pgn(@) such that p > pry; (Q).
Then, there exists g > 0 such that for any initial data

(Uo, Ul) € &q(Hn) satisfying ||(Ll0, U1)||94(Hn) < eo

there is a unique solution
u € B([0, 00), H&)(ty_)(H,,)) N B6([0, ), pr(tw_)(H,,)) to the Cauchy
problem (CP). Moreover, u satisfies the following estimates

[
4

lu(t, Y@y S (L+1)
IVhu(t, Mz S Q@+ )72 (o, 1) lugm,),
(

) Il (uo, ur)lsaqn,)s
)
Wiz S 1+ 0757 (o, un) aagh, )
)
)

[
”ut t,
le?EIVhu(t, 2, S (o, u1)llagn,)s

e ue(, 2y S N1(uos u1) g,

for any t > 0.



Decay Estimates for (hCP)

In this final part, we want to sketch the main ideas to prove the decay
estimates for the homogeneous problem (hCP). We follow the approach
introduced by Ruzhansky-Tokmagambetov (2018).

As we have already mentioned, the main tool to prove these estimates is
the Fourier group transform on H,. We employ the following realization
of Schrddinger representations {7y} xer+

mx t Hy — U(L2(R™))
a6,y T)p(w) = AR ) eIV (14 [3)
for any A € R* =R\ {0}, (x,y,7) € H,, ¢ € L>(R") and w € R", where

U(L2(R")) C L(L2(R™) — L2(R")) is the set of unitary bounded
operators on L2(R") (cf. the monograph by Fisher-Ruzhansky, 2016).



In the Heisenberg group we have an explicit description of the unitary
dual group (strongly continuous unitary representations up to
intertwining operators) H, ~ R* and of the Plancherel measure

du(my) = cu|A|"dA,
where ¢, = (2rr)~ 1) in this setting.

If v € LY(H,), the group Fourier transform of V is the family of bounded
operators on L?(R")

() = / V()i (n) dn € Z(L2(R™) — [2(RM), A € R".

n

Since Schrodinger representation are unitary, we see immediately that

sup [[V(A) (2@ i2@n) < VI m,)-
AeR*



If v € L2(H,), then Plancherel formula holds
My = <0 | 17O sy AP 0

- /Zn Neelany A" A

keNn

/ ek7eﬁ)L2 R")
R*

k, EGN"

2N d),

where {ex}kenn is the orthonormal basis of L2(IR") given by Hermite
functions.

We chose {ey }xenn as basis of L2(R") since its elements form a complete
system of eigenvalues for the harmonic oscillator H,, = —A + |w|? on R".



Why is it important to “diagonalize” the harmonic oscillator? Because the
action of the infinitesimal representation of ) on the sub-Laplacian is

dﬂA(AH) = 7|)\|HW

This follows from the action of the infinitesimal representation of 7 on
the generators of the horizontal layer of b,

d’]TA =\ |>\ 8.,.,1

d7r,\(Y = isign(A)V/|Alw;

forj=1,...,n




After recalling all tools which are necessary to deal with the group
Fourier transform in our framework, we may finally sketch the strategy to
prove the decay estimates.

Let u be a solution of the homogeneous problem (hCP). Applying the
group Fourier transform (with respect to the spatial variable 1) to (hCP)
we get an ODE with respect to t (depending on the parameter \) in the
Banach space Z(L?(R") — L2(R"))

O2U(t, \) — oa, (N a(t, \) + 92u(t,\) = 0.




Then, we project this equation by using the orthonormal system
{ek}kenn. Since

Hey = pxex, uk£2|k|+n, ke N",
to determine the time-dependent function
Zl\(t, )\)k,é = (il\(t, )\)e/ﬁ eé)Lz(]R")

we have to solve the following Cauchy problem associated to the ODE
depending on the parameters \, k, ¢

OZU(t, Nke + Ocl(t, N ie + | A T(t, N)ke =0, >0,
ZI\(O, )‘)k,f = (ﬁO(A)eM eZ)Lz(Rn)v
atl/](ov )‘)k,f = (ﬁl()\)Gk, ee)B(R")'



Solving explicitly the previous Cauchy problem, we find
a(t, \e = (To(News e) jagey € FF (8, A, K)
+ ((Go(N\) + Lai(\))ex, eg)Lz(Rn)e_§ G(t, \ k),
where

cos (. [ul Al — % t) if 4uk|A > 1,

F(t, M\ k) =<1 if 4|\ =1,

cosh (1/% — fuk| Al t) if duk|A <1,
sin (1/[Lk|>\| -1 t)

if 4/“(‘)" > 1,
VA =
G(t,\ k) = if dugl\ =1,
sinh ( 7 — k| Al t)
if 4/Lk‘)\| <1
7 — bkl



In order to estimate ||u(t, ')”%Z(Hn) we apply Plancherel formula

lu(t. By = o S / Bt News &) sgan [P AI" A
k,£eNn
—~, 2 n
= ¢ Z / |(U(t7/\)ek,ee)Lz(R") IAI"dA
k.penn Y O<IA<gir
—~, 2 n
e [ 1@ Neks )y P
k.tenn Y IA> g

- /10W + /high.
Since
|G(t, N> S e (1ao( Mol + G2 (Nl

for any |A| > 1/(8ux) and for some 6 > 0 (here ¢ and the unexpressed
multiplicative constant hereafter are independent of the time variable and
of the parameters A and k, ¢ as well), by using Plancherel formula (this
time for the Cauchy data v and uq) we find

Ihigh g e_ét(”UOH%Z(H") + ||u1||%2(Hn))'



If we use again Plancherel formula to estimate /'°% too, then, we get the
L2 — 2 for u(t,-) without any decay factor in t, that is,

[u(t, ')||%2(Hn) S HUOH%Z(HN) + ||U1||f2(Hn)
since for |A| < 1/(8ux) we may only estimate

(e, Niel® S e 2P (Jao(Mke? + [0 (W)

If we want to improve this estimate we have to use L(H,) regularity for
initial data.




By Parseval’s identity and by
lan(N)exll 2y < N|Un(A) | (2@ny— 2oy ll €l 2ry < llunll iz

for h=0,1, we get

DY / e =2 (G (N ew By + 11T (V) ez ) [AI” dA

keNn 8Ly

<Y / R P (P R P
keNn

S 3 @ut) D / <070 (|luolB g, + llslFagu, )
keNn

S % (lollZaga,y + lunli,)-

in the last estimate we used that the series
—(n+1 1
D" = D @Ik 4 )
keNn kENP

is convergent.



In order to estimate ||u¢(t, -)||f2(Hn) and [|Vhu(t, ~)\|f2(Hn) we can repeat similar
computations since we know the representations of

8tﬁ(t, )\)k,g
and of
((Xju)/\(ta A)eéxs e‘e)LZ(Rn) =V ‘%‘ (\/ﬁﬁ(lﬂ )‘)k*Ejyf —u(t, )‘)kJrej,Z)a
((Ygu)™ (2, A)ex, &) ;2 (g = 5ign(A) BL(Vk -6 0(t, Nk—ep + G(t, Nty 0),
for any k, ¢ € N", where {€;}1<j<n is the canonical base of R".

Let us point out that the relations for the Hermite functions

(W) = = (VI e (W) = e ()
wye(w) = 7 (VK5 ey (W) + s ()

(w € R") play a fundamental role in the determination of the decay estimate
for the horizontal gradient of wu.
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Thank you for your attention!
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