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ABSTRACT

Given a base q € (1,2] and a real number x € Jy :=[0,1/(g —1)],
we call a sequence (c;j) = ci¢C» ... of zeros and ones an optimal
expansion of x if
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ABSTRACT

Given a base q € (1,2] and a real number x € Jy :=[0,1/(g —1)],
we call a sequence (c;j) = ci¢C» ... of zeros and ones an optimal
expansion of x if

@ (¢) is an expansion of x: x = >-, ¢;g~" and if

@ among all possible expansions of x, the partial sums
Sr,cq”, n=1,2,... generated by the expansion (c;) are
uniformly closest to x, i.e.,

S ciq > >0, dig~' for each positive integer n and each
other expansion (d;) of x.

Our main result states that, except for a countable set of bases in
which every number in Jq has an optimal expansion, "most"
numbers have no optimal expansion.
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EXPANSIONS

@ Fix a base g > 1 and a finite alphabet A = {aq, ..., an} of real
numbers satisfying ag < - -+ < am.
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EXPANSIONS

@ Fix a base g > 1 and a finite alphabet A = {aq, ..., an} of real
numbers satisfying ag < - -+ < am.

@ By a sequence we mean a sequence (¢;) = ¢Cs ... € AY of digits
in A.

@ By an expansion of a real number x (in base q with respect to A)
we mean a sequence (c¢;) satisfying

The numbers c¢; are sometimes called the digits of the expansion

(Ci)-
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EXISTENCE OF EXPANSIONS

Proposition

Each number x € Jaq = [a0/(q — 1), am/(q — 1)] has at least one
expansion if and only if the Pedicini condition holds:

am — ao
max (a,- — a,-_1) <
1<j<m q—1

Pisa, December 11th, 2018 5/30




PROOF OF NECESSITY

The condition
am - ao

max (aj—aj_1) < q_1

1<j<m

is necessary:

Martijn de Vries Optimal expansions Pisa, December 11th, 2018 6/30



PROOF OF NECESSITY

The condition
am - ao

max (aj—aj_1) < q_1

1</<m
is necessary:

ifa,— a1 > (am— ap)/(q — 1) for some ¢, then none of the
numbers in the nonempty interval

ap—1 am a
— + : +

has an expansion.
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PROOF OF SUFFICIENCY

@ Suppose that x € Ja 4. We define recursively an expansion (b;) of
X by applying the greedy algorithm of Rényi:
if for some positive integer n, b; is already defined for i < n, then
bn is the largest digit in A satisfying >°7_; big~" < x.
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PROOF OF SUFFICIENCY

@ Suppose that x € Ja 4. We define recursively an expansion (b;) of
x by applying the greedy algorithm of Rényi:
if for some positive integer n, b; is already defined for i < n, then
by is the largest digit in A satisfying >°7_; big~" < x.

@ We may (and will) assume that ag = 0, because:

- replacing a; by a; — ag for each i does not alter the inequality

am—a
maxt<jem (& — &-1) < =5

- X has an expansion with respect to alphabet A if and only if

x — apg/(q — 1) has an expansion with respect to the alphabet
{0,31 — dop, a2 —ao,...,am—ao}.
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PROOF OF SUFFICIENCY

@ If x =am/(q— 1), then b; = an, for all i so the algorithm provides
an expansion.
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PROOF OF SUFFICIENCY

@ If x =am/(q— 1), then b; = an, for all i so the algorithm provides
an expansion.

@ If0 < x < am/(g— 1), then there exists an index n such that
b, < am, and for each such nwe have
b _ maxi<jcm(aj — 1)

0<x— — < — .
i=1 g
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PROOF OF SUFFICIENCY

@ If x =am/(q— 1), then b; = an, for all i so the algorithm provides
an expansion.
@ If0 < x < am/(g— 1), then there exists an index n such that
b, < am, and for each such nwe have
L b; max1 Sjgm(aj - aj,1)

0<x— —'.< .
=1 q q

- If by < an, for infinitely many n, we see that (b;) is an expansion
of x by letting n — oo along these indices.
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PROOF OF SUFFICIENCY

- If there were a last index n such that b, = a; < am, then

n o0 n
b; am b; ajt1 — a;
(T8)+ = Pexe(Lh)e 2

i=1 i=n+1 i=1

whence
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PROOF OF SUFFICIENCY

- If there were a last index n such that b, = a; < am, then
n o0 n
b; a b; aj1— g
(C8)+ 3 Bexe (3 h) 2 2
= 9 izt 9 i 9 qa
whence

am < aj+1 - aj
q"(q—1) q"
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PROOF OF SUFFICIENCY

- If there were a last index n such that b, = a; < am, then

n o0 n
b; a b; gjt1— g
St 2 X< F R
i— 9 iz 9 i— 9 q

whence
am < aj+1 - aj
q"(q—1) q"
which violates the condition maxy<j<m (& — /1) < &%.
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GREEDY MAP

Suppose that (A, q) satisfies the Pedicini condition with ay = 0. The
greedy expansion can also be obtained by iterating the greedy map
corresponding to (A, Q) T : Ja g — Jaq, defined by

gx —a, xecD(g):= [2,31;), 0<j<m,
T(X) = am am
gx —am, X € D(am) = q’q—1]'
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GREEDY MAP

Suppose that (A, q) satisfies the Pedicini condition with ay = 0. The
greedy expansion can also be obtained by iterating the greedy map
corresponding to (A, Q) T : Ja g — Jaq, defined by

gx —a, xecD(g):= [2,31;), 0<j<m,
T(X) = am am
gx —am, X € D(am) = q’q—1]'

If (b;) is the greedy expansion of x in base g, then b, = j if and only if
T"-'(x) € D(gj), n>1, a; € A.
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NORMALIZED ERRORS OF AN EXPANSION

The normalized errors of an expansion (¢;) € AY of x € Jaq are

defined by
n
C.
0n((c)) := q" (x -3 ql'> , neN.

i=1
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NORMALIZED ERRORS OF AN EXPANSION

The normalized errors of an expansion (¢;) € AY of x € Jaq are

defined by
n
C.
en((C,')) = qn (X - Z qll> , neN.

i=1

An expansion (d;) of x is optimal if 0,((d;)) < 0a((c;)) for each n and
each expansion (¢;) of x.
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NORMALIZED ERRORS OF AN EXPANSION

The normalized errors of an expansion (c;) € AY of x € Ja 4 are
defined by
n
C.
0n((c)) := q" (x -3 ql'> , neN.
i=1

An expansion (d;) of x is optimal if 0,((d;)) < 0a((c;)) for each n and
each expansion (¢;) of x.

Note that only the greedy expansion can be optimal.
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MAIN RESULT

Till further notice, A= {0,1} and q € (1,2). Such couples (A, q)

satisfy the Pedicini condition, so each x € [0,1/(g — 1)] has a (greedy)
expansion.
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Let P be the set of bases g € (1, 2) satisfying one of the equalities

1:1 _A'_l’ nZQ,
q q"

and let O4 be the set of numbers with an optimal expansion in base q.

Martijn de Vries Optimal expansions

Pisa, December 11th, 2018 12/30



MAIN RESULT

Till further notice, A= {0,1} and q € (1,2). Such couples (A, q)
satisfy the Pedicini condition, so each x € [0,1/(g — 1)] has a (greedy)
expansion.

Let P be the set of bases g € (1, 2) satisfying one of the equalities

1:1+...+l7 n>2
q q"

and let O4 be the set of numbers with an optimal expansion in base q.

)

Theorem
@ Ifqe P,then Oq =[0,1/(q —1)].

@ Ifqe(1,2)\ P, then Oq is nowhere dense and has Hausdorff
dimension less than 1.
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EXAMPLES

@ Let U, be the set of of numbers in [0,1/(g — 1)] with only one
expansion in base q. Clearly, Uy C Og.
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EXAMPLES

@ Let U, be the set of of numbers in [0,1/(g — 1)] with only one
expansion in base q. Clearly, Uy C Og.

@ It can be shown that O4 always contains the closure of ij,.
@ The greedy expansions (0)"~'1(0)> and (1)"(0)> of the numbers

respectively, are optimal in base q, for each n > 1.
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EXAMPLES

Fix g € (1,2) and let k be the largest positive integer such that

1 1
— et <1
q q

Martijn de Vries Optimal expansions Pisa, December 11th, 2018 14/30



EXAMPLES

Fix g € (1,2) and let k be the largest positive integer such that

1 1
— et <1
q q

Define the numbers x, (n > 1) by

Martijn de Vries Optimal expansions Pisa, December 11th, 2018

14/30



EXAMPLES

Fix g € (1,2) and let k be the largest positive integer such that

1 1
— et <1
q q

Define the numbers x, (n > 1) by

1 1
Xn::a+"'+a+m'

These numbers belong to Oq4, because

1 1
<

qn+1
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EXAMPLES

Fix g € (1,2) and let k be the largest positive integer such that

1 1
— et <1
q q

Define the numbers x, (n > 1) by

1 1

Xn::a+"'+a+m'

These numbers belong to Oq4, because

1 1
<

qn+1
The maximality of k implies that x, ¢ Ug. Hence Oq \ Uy is infinite for
each g e (1,2).
Optimal expansions Pisa, December 11th, 2018 14/30



NONEXAMPLES

Let G := (1 + v/5)/2 be the Golden ratio and suppose that 1 < g < G.
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NONEXAMPLES

Let G := (1 + v/5)/2 be the Golden ratio and suppose that 1 < g < G.

Consider the number x := q=2 + g 3.

The sequence (c;) = 011(0)*° is clearly an expansion of x.
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NONEXAMPLES

Let G := (1 + v/5)/2 be the Golden ratio and suppose that 1 < g < G.
Consider the number x := q=2 + g 3.
The sequence (c;) = 011(0)*° is clearly an expansion of x.

The greedy expansion (b;) of x in base q starts, however, with 100,
sinceq™' < g 2+qg3.
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NONEXAMPLES

Let G := (1 + v/5)/2 be the Golden ratio and suppose that 1 < g < G.
Consider the number x := q=2 + g 3.
The sequence (c;) = 011(0)*° is clearly an expansion of x.

The greedy expansion (b;) of x in base q starts, however, with 100,
sinceq™' < g 2+qg3.

Hence 65((ci)) = 0 < 05((b)).
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NONEXAMPLES

Let G := (1 + v/5)/2 be the Golden ratio and suppose that 1 < g < G.
Consider the number x := q=2 + g 3.
The sequence (c;) = 011(0)*° is clearly an expansion of x.

The greedy expansion (b;) of x in base q starts, however, with 100,
sinceqg ' <qg2+qgS.

Hence 65((ci)) = 0 < 05((b)).

The greedy expansion of x is thus not optimal.

Martijn de Vries Optimal expansions Pisa, December 11th, 2018 15/30



NONEXAMPLES

If g lies between two subsequent values of P, i.e., if
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NONEXAMPLES

If g lies between two subsequent values of P, i.e., if
1 1 1 1

f_|_..._|_7n<1<f_|_..._|_7
q q

! fi h
J Q”+W or some n, then
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NONEXAMPLES

If g lies between two subsequent values of P, i.e., if

1 1 1 1 1 h
a+...+a<1<a+...+?+wforsomen,t en
1 1 1 1 1

S @ tgr Tt Tyt g
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NONEXAMPLES

If g lies between two subsequent values of P, i.e., if

1 1 1 1 1 h
a+---+a<1<a+---+a+wforsomen,t en
1 1 1 1 1

The greedy expansion (b;) of a number x € (L, R) starts with 1(0)"+"
but x has an expansion (c;) starting with 0(1)"*', whence
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NONEXAMPLES

If g lies between two subsequent values of P, i.e., if

1 1 1 1 1 1 ; h
a+---+a< <a+---+a+worsomen,ten
1 1 1 1 1

The greedy expansion (b;) of a number x € (L, R) starts with 1(0)"+"
but x has an expansion (c;) starting with 0(1)"*', whence

Ont2((Ci)) < On+2((bi)), so (b;) is not optimal.
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GREEDY MAP T,

Each x € [0,1/(q — 1)] has an expansion in base g, so each such x
has an expansion in base g% (k > 1) with respect to the alphabet

k—2

Ac=1{01g" "+ " P+ +c1g+ckler,. .. o€ {0,1}).
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GREEDY MAP T,

Each x € [0,1/(q — 1)] has an expansion in base g, so each such x
has an expansion in base g% (k > 1) with respect to the alphabet

k—2

Ac=1{01g" "+ " P+ +c1g+ckler,. .. o€ {0,1}).

This implies that each x € Ja g = Jj, o« has a greedy expansion with
respect to (Ax, g¥), sometimes called the k-block greedy expansion.

We sometimes refer to the greedy map T corresponding to (Ax, g¥)
as the k-block greedy map. The k-fold greedy map T* is just the k-fold
composition of the ordinary greedy map T.
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COMPARING T, WITH Tk

Note: The first digit of the greedy expansion of x with respect to
(Ak, g¥) is not necessarily b;g*~" + - -- bx_1q + by if (b)) is the greedy
expansion of x with respect to (A, q):

Example

f1<g<Gandx=qg?+q 3 theng ' < g2+ g3 whence
T(x)=0<T3(x)=¢*(x—q").
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COMPARING T, WITH Tk

Note: The first digit of the greedy expansion of x with respect to
(Ak, g¥) is not necessarily b;g*~" + - -- bx_1q + by if (b)) is the greedy
expansion of x with respect to (A, q):

Example

f1<g<Gandx=qg?+q 3 theng ' < g2+ g3 whence
T(x)=0<T3(x)=¢*(x—q").

Proposition
@ Forallx €[0,1/(qg—1)] and k > 1 we have Ti(x) < Tk(x).

@ Tx(x) = TX(x) for each k > 1 if and only if x has an optimal
expansion.
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CRITERIA FOR T, = T*

Given k > 1, let S, « be the set of all blocks (cy, ..., ck) € {0,1} = Ak

such that
k k
g7ty

for each (dy, ..., dx) € AX satisfying (di,...,dk) > (c1,..., Ck).

Q\Q
Q\o

Martijn de Vries Optimal expansions Pisa, December 11th, 2018

19/30



CRITERIA FOR T, = T*

Given k > 1, let S, « be the set of all blocks (cy, ..., ck) € {0,1} = Ak

such that
k k
g7ty

for each (dy, ..., dx) € AX satisfying (di,...,dk) > (c1,..., Ck).

Note that Sy x 2 {(b1(x),...,bk(x))|x €[0,1/(q — 1)]}, but in general
we have no equality here:

Q\Q
Q\o
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CRITERIA FOR T, = T*

Given k > 1, let S, « be the set of all blocks (cy, ...

such that
k k
g7ty

for each (dy, ..., dx) € AX satisfying (di,...,dk) > (c1,..., Ck).

Note that Sy x 2 {(b1(x),...,bk(x))|x €[0,1/(q — 1)]}, but in general
we have no equality here:

,Ck) € {0, 1}4 = A

Q\Q
Q\o

Example

If1<qg< G, theng™' <q 2+ g3 hence 011 belongs to Sy 5 but no
greedy expansion starts with 011.
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CRITERIA FOR T, = T*

Let the injective map f : S, x — [0,1/(g — 1)] be given by

C
f((c1,...,ck)):—1+---+q—'f(, (Ct,...,Ck) € Sqk-
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Let the injective map f : S, x — [0,1/(g — 1)] be given by
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f((c1,...,ck)):—1+---+q—'f(, (Ct,...,Ck) € Sqk-

Proposition
The following statements are equivalent.
@ The map f is increasing.
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CRITERIA FOR T, = T*

Let the injective map f : S, x — [0,1/(g — 1)] be given by

C C
f((c1,...,ck)):—1+---+q—'f(, (Ct,...,Ck) € Sqk-

Proposition
The following statements are equivalent.
@ The map f is increasing.
o T, =Tk
® Sgk ={(b1(x),..., bk(x)) | x € [0,1/(g = 1)]}.
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OPTIMALITY IF THE BASE BELONGS TO P

First we show thatif 1 = g~ ' + --- + g~ " for some n, then the greedy
expansion of each x € [0,1/(g — 1)] is optimal.
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OPTIMALITY IF THE BASE BELONGS TO P

First we show thatif 1 = g~ + - .. + g~" for some n, then the greedy
expansion of each x € [0,1/(g — 1)] is optimal.

Suppose that (cy, ..., cx) and (ds, ..., dk) both belong to S, x and that
(¢1,...,¢k) > (dy,...,dk). We must show that
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OPTIMALITY IF THE BASE BELONGS TO P

First we show thatif 1 = g~ + - .. + g~" for some n, then the greedy
expansion of each x € [0,1/(g — 1)] is optimal.

Suppose that (cy, ..., cx) and (ds, ..., dk) both belong to S, x and that
(¢1,...,¢k) > (dy,...,dk). We must show that

Let j be the first index for which ¢; = 1 > d; = 0. It is enough to show

that
k—j

ngi <1.

i=1
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OPTIMALITY IF THE BASE BELONGS TO P

Blocks in Sy x cannot contain the subblock 0(1)” because the sum
corresponding to a block 0(1)" equals the sum corresponding to the
lexicographically larger block 1(0)".
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OPTIMALITY IF THE BASE BELONGS TO P

Blocks in Sy x cannot contain the subblock 0(1)” because the sum
corresponding to a block 0(1)" equals the sum corresponding to the
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7 2@ Grra)
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OPTIMALITY IF THE BASE BELONGS TO P

Blocks in Sy x cannot contain the subblock 0(1)” because the sum
corresponding to a block 0(1)" equals the sum corresponding to the
lexicographically larger block 1(0)".

Since d; = 0, (dj1, ..., dk) cannot contain the block (1)", whence
k—j 00 k
7 2@ Grra)
Zi,<z — o =1.
= 9 o\7 qa q"

We may conclude that T = T* for each k > 1; therefore each
x €[0,1/(g — 1)] has an optimal expansion.
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OPTIMALITY IF THE BASE BELONGS TO (1,2) \ P

For bases g not belonging to P, we have already constructed numbers
with no optimal expansion in base g.
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For bases g not belonging to P, we have already constructed numbers
with no optimal expansion in base g.

More precisely, we saw thatif 1 = g, +---q," (n € N) and
q € (gn, gn+1), then no number belonging to the interval

1 1 1 1
@ Tgrrg g

has an optimal expansion in base q.
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OPTIMALITY IF THE BASE BELONGS TO (1,2) \ P

For bases g not belonging to P, we have already constructed numbers
with no optimal expansion in base g.

More precisely, we saw thatif 1 = g, +---q," (n € N) and
q € (gn, gn+1), then no number belonging to the interval

1 1 1 1
gt gt e
has an optimal expansion in base q.

This interval is contained in [0, 1), unless q is close to 1.

Foreach g € (1,2) \ P it is possible to construct an open subinterval of
[0, 1) that does not meet O,
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OPTIMALITY IF THE BASE BELONGS TO (1,2) \ P

Let V be such an open interval. It is not hard to prove that the set
W:={xe[0,1/(g—1)]| TK(x) ¢ Vforall k >0}

has Hausdorff dimension less than 1.
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Since all tails of an optimal expansion are optimal, this implies that Oq
has Hausdorff dimension less than 1.
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W:={xe[0,1/(g—1)]| TK(x) ¢ Vforall k >0}

has Hausdorff dimension less than 1.

Since all tails of an optimal expansion are optimal, this implies that Oq
has Hausdorff dimension less than 1.

Finally, using elementary properties of greedy expansions, one may
show that numbers belonging to O4 \ Oy (if any) must have a finite
expansion.
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Since all tails of an optimal expansion are optimal, this implies that Oq
has Hausdorff dimension less than 1.

Finally, using elementary properties of greedy expansions, one may
show that numbers belonging to O4 \ Oy (if any) must have a finite
expansion.

Hence Oq4 \ Ogq is (at most) countable which implies in particular that
Ogq is also a null set and therefore has no interior points.
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OPTIMALITY IF THE BASE BELONGS TO (1,2) \ P

Let V be such an open interval. It is not hard to prove that the set
W:={xe[0,1/(g—1)]| TK(x) ¢ Vforall k >0}

has Hausdorff dimension less than 1.

Since all tails of an optimal expansion are optimal, this implies that Oq
has Hausdorff dimension less than 1.

Finally, using elementary properties of greedy expansions, one may
show that numbers belonging to O4 \ Oy (if any) must have a finite
expansion.

Hence Oq4 \ Ogq is (at most) countable which implies in particular that
Ogq is also a null set and therefore has no interior points.

We may conclude that O is nowhere dense and has Hausdorff
dimension less than one if g € (1,2) \ P.
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GENERALIZATION

For a positive integer m, let A= {0,1,...,m}andletge (m,m-+1).
Note that the couple (A, q) satisfies the Pedicini condition.

Let Pm be the set consisting of bases g € (m, m + 1) which satisfy one
of the equalities

q q" g’
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Note that the couple (A, q) satisfies the Pedicini condition.

Let Pm be the set consisting of bases g € (m, m + 1) which satisfy one
of the equalities

q q" g’

Theorem
@ Ifq e Py, thenOq=1[0,m/(q—1)].
@ Ifqe (m m+1)\ Pm, then Oq is nowhere dense and has
Hausdorff dimension less than 1.
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GENERALIZATION

For a positive integer m, let A= {0,1,...,m}andletge (m,m-+1).
Note that the couple (A, q) satisfies the Pedicini condition.

Let Pm be the set consisting of bases g € (m, m + 1) which satisfy one
of the equalities

q q" g’

Theorem
@ Ifq e Py, thenOq=1[0,m/(q—1)].
@ Ifqe (m m+1)\ Pm, then Oq is nowhere dense and has
Hausdorff dimension less than 1.

Note: Numbers belonging to P = | J,,, Pm are sometimes called
confluent Parry numbers.
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THE MEASURES i AND THEIR RESPECTIVE
DENSITIES

LetA={0,1,..., myandqge (mm+1).
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Open problems

THE MEASURES ux AND THEIR RESPECTIVE
DENSITIES

Let A={0,1,...,m}andge (m,m+1).

(Rényi, Parry) The greedy map T = T; corresponding to (A, q) is
ergodic with respect to a unique normalized absolutely continuous
invariant measure (a.c.i.m) uq . The Parry density hq of 114 is given by

1 = 1
hq(x) = F(q)nz_(:)q” 0, 77(1)) (%),

where F(q) is a normalizing constant.
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Open problems

THE MEASURES ux AND THEIR RESPECTIVE
DENSITIES

Let A={0,1,...,m}andge (m,m+1).

(Rényi, Parry) The greedy map T = T; corresponding to (A, q) is
ergodic with respect to a unique normalized absolutely continuous
invariant measure (a.c.i.m) uq . The Parry density hq of 114 is given by

1 &1
hQ(X) = F(q) nz_(:) a ’ 1[0,7'”(1))()()7

where F(q) is a normalizing constant.

(Lasota, Yorke) For each positive integer k, the greedy map T
corresponding to (Ax, g¥) is also ergodic with respect to a unique
normalized a.c.i.m i, as follows from a more general theorem on
piecewise lineair expanding maps.
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THE MEASURES i AND THEIR RESPECTIVE
DENSITIES

Proposition
g € Pifandonly if i1 = g forallk > 1. J
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THE MEASURES i AND THEIR RESPECTIVE
DENSITIES

Proposition
g € Pifandonly if i1 = g forallk > 1.

Sketch of proof: If g € P and k > 1, then p4 is also an a.c.i.m for T
because Ty = TX. Since the a.c.i.m is unique, it follows that i1 = .
If g ¢ P, we have already seen that Ty < T* for some k on some open
subinterval of [0, 1). Arguing by contradiction, one easily derives that
w1 # g for this k.
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THE MEASURES i AND THEIR RESPECTIVE
DENSITIES

Proposition
g € Pifandonly if i1 = g forallk > 1.

Sketch of proof: If g € P and k > 1, then p4 is also an a.c.i.m for T
because Ty = TX. Since the a.c.i.m is unique, it follows that i1 = .
If g ¢ P, we have already seen that Ty < T* for some k on some open
subinterval of [0, 1). Arguing by contradiction, one easily derives that
w1 # g for this k.

Open problem: Determine an explicit formula for the density of p if
q¢P.
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TOPOLOGY OF 0,

Regarding the topology of 04, almost nothing is known if g ¢ P.
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TOPOLOGY OF 0,

Regarding the topology of 04, almost nothing is known if g ¢ P.

Let us address some obvious questions:

@ For which bases g is the set Oq4 (at most) countable?

@ For which bases g is the set Oq \ U (at most) countable?
@ For which bases g is the set O, closed?

@ For which bases q is the set Oy a Cantor set?

Proposition

The set Oy is closed from above: if x ¢ Ogq, then there exists a number
d=0(x)>0sothat[x,x+0)NOg = 2.
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TOPOLOGY OF 0,

Proof.

If the greedy expansion (b;) of x is not optimal, then there exists an
expansion (c;) of x and a number n > 1 such that

qu ZESX
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qu ZESX

Hence x belongs to the interval

-reyeesg)

i=n+1
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TOPOLOGY OF 0,

Proof.

If the greedy expansion (b;) of x is not optimal, then there exists an
expansion (c;) of x and a number n > 1 such that

qu ZESX

Hence x belongs to the interval

-reyeesg)

i=n+1

The map x — (b;) is continuous from the right, hence there exists an
interval [x, x + J) contained in E so that each number in [x, x 4 ¢) has
an expansion starting with b ... b, and one starting with ¢y ...c,. [
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