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Summary

ABSTRACT

Given a base q ∈ (1,2] and a real number x ∈ Jq := [0,1/(q − 1)],
we call a sequence (ci) = c1c2 . . . of zeros and ones an optimal
expansion of x if

(ci) is an expansion of x : x =
∑∞

i=1 ciq−i and if
among all possible expansions of x , the partial sums∑n

i=1 ciq−i , n = 1,2, . . . generated by the expansion (ci) are
uniformly closest to x , i.e.,∑n

i=1 ciq−i ≥
∑n

i=1 diq−i for each positive integer n and each
other expansion (di) of x .
Our main result states that, except for a countable set of bases in
which every number in Jq has an optimal expansion, "most"
numbers have no optimal expansion.
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Expansions with respect to a given finite alphabet

EXPANSIONS

Fix a base q > 1 and a finite alphabet A = {a0, ...,am} of real
numbers satisfying a0 < · · · < am.

By a sequence we mean a sequence (ci) = c1c2 . . . ∈ AN of digits
in A.
By an expansion of a real number x (in base q with respect to A)
we mean a sequence (ci) satisfying

c1

q
+

c2

q2 +
c3

q3 + · · · = x .

The numbers ci are sometimes called the digits of the expansion
(ci).
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Expansions with respect to a given finite alphabet

EXISTENCE OF EXPANSIONS

Proposition

Each number x ∈ JA,q := [a0/(q − 1),am/(q − 1)] has at least one
expansion if and only if the Pedicini condition holds:

max
1≤j≤m

(
aj − aj−1

)
≤ am − a0

q − 1
.
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Expansions with respect to a given finite alphabet

PROOF OF NECESSITY

The condition
max

1≤j≤m

(
aj − aj−1

)
≤ am − a0

q − 1
.

is necessary:

if a` − a`−1 > (am − a0)/(q − 1) for some `, then none of the
numbers in the nonempty interval(

a`−1

q
+
∞∑

i=2

am

qi ,
a`

q
+
∞∑

i=2

a0

qi

)

has an expansion.
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Expansions with respect to a given finite alphabet

PROOF OF SUFFICIENCY

Suppose that x ∈ JA,q. We define recursively an expansion (bi) of
x by applying the greedy algorithm of Rényi:
if for some positive integer n, bi is already defined for i < n, then
bn is the largest digit in A satisfying

∑n
i=1 biq−i ≤ x .

We may (and will) assume that a0 = 0, because:

- replacing ai by ai − a0 for each i does not alter the inequality
max1≤j≤m

(
aj − aj−1

)
≤ am−a0

q−1 .

- x has an expansion with respect to alphabet A if and only if
x − a0/(q − 1) has an expansion with respect to the alphabet
{0,a1 − a0,a2 − a0, . . . ,am − a0}.
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Expansions with respect to a given finite alphabet

PROOF OF SUFFICIENCY

If x = am/(q − 1), then bi = am for all i so the algorithm provides
an expansion.

If 0 ≤ x < am/(q − 1), then there exists an index n such that
bn < am, and for each such n we have

0 ≤ x −
n∑

i=1

bi

qi <
max1≤j≤m(aj − aj−1)

qn .

- If bn < am for infinitely many n, we see that (bi) is an expansion
of x by letting n→∞ along these indices.
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Expansions with respect to a given finite alphabet

PROOF OF SUFFICIENCY

- If there were a last index n such that bn = aj < am, then(
n∑

i=1

bi

qi

)
+

∞∑
i=n+1

am

qi ≤ x <

(
n∑

i=1

bi

qi

)
+

aj+1 − aj

qn

whence

am

qn(q − 1)
<

aj+1 − aj

qn

which violates the condition max1≤j≤m
(
aj − aj−1

)
≤ am

q−1 .
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Expansions with respect to a given finite alphabet

GREEDY MAP

Suppose that (A,q) satisfies the Pedicini condition with a0 = 0. The
greedy expansion can also be obtained by iterating the greedy map
corresponding to (A,q) T : JA,q → JA,q, defined by

T (x) =


qx − aj , x ∈ D(aj) :=

[
aj

q
,
aj+1

q

)
, 0 ≤ j < m,

qx − am, x ∈ D(am) :=

[
am

q
,

am

q − 1

]
.

If (bi) is the greedy expansion of x in base q, then bn = j if and only if
T n−1(x) ∈ D(aj), n ≥ 1, aj ∈ A.
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Optimal expansions

NORMALIZED ERRORS OF AN EXPANSION

The normalized errors of an expansion (ci) ∈ AN of x ∈ JA,q are
defined by

θn((ci)) := qn

(
x −

n∑
i=1

ci

qi

)
, n ∈ N.

An expansion (di) of x is optimal if θn((di)) ≤ θn((ci)) for each n and
each expansion (ci) of x .

Note that only the greedy expansion can be optimal.
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Optimal expansions

MAIN RESULT

Till further notice, A = {0,1} and q ∈ (1,2). Such couples (A,q)
satisfy the Pedicini condition, so each x ∈ [0,1/(q − 1)] has a (greedy)
expansion.

Let P be the set of bases q ∈ (1,2) satisfying one of the equalities

1 =
1
q
+ · · ·+ 1

qn , n ≥ 2,

and let Oq be the set of numbers with an optimal expansion in base q.

Theorem
If q ∈ P, then Oq = [0,1/(q − 1)].

If q ∈ (1,2) \ P, then Oq is nowhere dense and has Hausdorff
dimension less than 1.
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Optimal expansions

EXAMPLES

Let Uq be the set of of numbers in [0,1/(q − 1)] with only one
expansion in base q. Clearly, Uq ⊆ Oq.

It can be shown that Oq always contains the closure of Uq.
The greedy expansions (0)n−11(0)∞ and (1)n(0)∞ of the numbers

1
qn and

1
q
+ · · ·+ 1

qn ,

respectively, are optimal in base q, for each n ≥ 1.
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Optimal expansions

EXAMPLES

Fix q ∈ (1,2) and let k be the largest positive integer such that

1
q
+ · · ·+ 1

qk < 1.

Define the numbers xn (n ≥ 1) by

xn :=
1
q
+ · · ·+ 1

qn +
1

qn+k+1 .

These numbers belong to Oq, because

1
qn+1 + · · ·+ 1

qn+k <
1
qn .

The maximality of k implies that xn /∈ Uq. Hence Oq \ Uq is infinite for
each q ∈ (1,2).
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Optimal expansions

NONEXAMPLES

Let G := (1 +
√

5)/2 be the Golden ratio and suppose that 1 < q < G.

Consider the number x := q−2 + q−3.

The sequence (ci) = 011(0)∞ is clearly an expansion of x .

The greedy expansion (bi) of x in base q starts, however, with 100,
since q−1 < q−2 + q−3.

Hence θ3((ci)) = 0 < θ3((bi)).

The greedy expansion of x is thus not optimal.
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Optimal expansions

NONEXAMPLES

If q lies between two subsequent values of P, i.e., if

1
q
+ · · ·+ 1

qn < 1 <
1
q
+ · · ·+ 1

qn +
1

qn+1 for some n, then

1
q
<

1
q2 + · · ·+ 1

qn+2 := L < R :=
1
q
+

1
qn+2

The greedy expansion (bi) of a number x ∈ (L,R) starts with 1(0)n+1

but x has an expansion (ci) starting with 0(1)n+1, whence

θn+2((ci)) < θn+2((bi)), so (bi) is not optimal.
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Optimal expansions

GREEDY MAP Tk

Each x ∈ [0,1/(q − 1)] has an expansion in base q, so each such x
has an expansion in base qk (k ≥ 1) with respect to the alphabet

Ak := {c1qk−1 + c2qk−2 + · · ·+ ck−1q + ck |c1, . . . , ck ∈ {0,1}}.

This implies that each x ∈ JA,q = JAk ,qk has a greedy expansion with
respect to (Ak ,qk ), sometimes called the k-block greedy expansion.

We sometimes refer to the greedy map Tk corresponding to (Ak ,qk )
as the k-block greedy map. The k-fold greedy map T k is just the k -fold
composition of the ordinary greedy map T .
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Optimal expansions

COMPARING Tk WITH T k

Note: The first digit of the greedy expansion of x with respect to
(Ak ,qk ) is not necessarily b1qk−1 + · · · bk−1q + bk if (bi) is the greedy
expansion of x with respect to (A,q):

Example

If 1 < q < G and x = q−2 + q−3, then q−1 < q−2 + q−3 whence
T3(x) = 0 < T 3(x) = q3 (x − q−1) .

Proposition

For all x ∈ [0,1/(q − 1)] and k ≥ 1 we have Tk (x) ≤ T k (x).

Tk (x) = T k (x) for each k ≥ 1 if and only if x has an optimal
expansion.
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Optimal expansions

CRITERIA FOR Tk = T k

Given k ≥ 1, let Sq,k be the set of all blocks (c1, . . . , ck ) ∈ {0,1}k = Ak

such that
k∑

i=1

di

qi 6=
k∑

i=1

ci

qi

for each (d1, . . . ,dk ) ∈ Ak satisfying (d1, . . . ,dk ) > (c1, . . . , ck ).

Note that Sq,k ⊇ {(b1(x), . . . ,bk (x)) | x ∈ [0,1/(q − 1)]}, but in general
we have no equality here:

Example

If 1 < q < G, then q−1 < q−2 + q−3, hence 011 belongs to Sq,3 but no
greedy expansion starts with 011.
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Optimal expansions

CRITERIA FOR Tk = T k

Let the injective map f : Sq,k → [0,1/(q − 1)] be given by

f ((c1, . . . , ck )) =
c1

q
+ · · ·+ ck

qk , (c1, . . . , ck ) ∈ Sq,k .

Proposition
The following statements are equivalent.

The map f is increasing.
Tk = T k .
Sq,k = {(b1(x), . . . ,bk (x)) | x ∈ [0,1/(q − 1)]}.
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Sketch of proof

OPTIMALITY IF THE BASE BELONGS TO P

First we show that if 1 = q−1 + · · ·+ q−n for some n, then the greedy
expansion of each x ∈ [0,1/(q − 1)] is optimal.

Suppose that (c1, . . . , ck ) and (d1, . . . ,dk ) both belong to Sq,k and that
(c1, . . . , ck ) > (d1, . . . ,dk ). We must show that

k∑
i=1

ci

qi >
k∑

i=1

di

qi .

Let j be the first index for which cj = 1 > dj = 0. It is enough to show
that

k−j∑
i=1

dj+i

qi < 1.
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Sketch of proof

OPTIMALITY IF THE BASE BELONGS TO P

Blocks in Sq,k cannot contain the subblock 0(1)n because the sum
corresponding to a block 0(1)n equals the sum corresponding to the
lexicographically larger block 1(0)n.

Since dj = 0, (dj+1, . . . ,dk ) cannot contain the block (1)n, whence

k−j∑
i=1

dj+i

qi <

∞∑
k=0

(
1
qn

)k (1
q
+ · · ·+ 1

qn−1

)
= 1.

We may conclude that Tk = T k for each k ≥ 1; therefore each
x ∈ [0,1/(q − 1)] has an optimal expansion.
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Sketch of proof

OPTIMALITY IF THE BASE BELONGS TO (1,2) \ P

For bases q not belonging to P, we have already constructed numbers
with no optimal expansion in base q.

More precisely, we saw that if 1 = q−1
n + · · · q−n

n (n ∈ N) and
q ∈ (qn,qn+1), then no number belonging to the interval(

1
q2 + · · ·+ 1

qn+2 ,
1
q
+

1
qn+2

)
has an optimal expansion in base q.

This interval is contained in [0,1), unless q is close to 1.

For each q ∈ (1,2) \ P it is possible to construct an open subinterval of
[0,1) that does not meet Oq.
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Sketch of proof

OPTIMALITY IF THE BASE BELONGS TO (1,2) \ P

Let V be such an open interval. It is not hard to prove that the set

W := {x ∈ [0,1/(q − 1)] |T k (x) /∈ V for all k ≥ 0}

has Hausdorff dimension less than 1.

Since all tails of an optimal expansion are optimal, this implies that Oq
has Hausdorff dimension less than 1.

Finally, using elementary properties of greedy expansions, one may
show that numbers belonging to Oq \ Oq (if any) must have a finite
expansion.

Hence Oq \ Oq is (at most) countable which implies in particular that
Oq is also a null set and therefore has no interior points.

We may conclude that Oq is nowhere dense and has Hausdorff
dimension less than one if q ∈ (1,2) \ P.
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Sketch of proof

GENERALIZATION

For a positive integer m, let A = {0,1, . . . ,m} and let q ∈ (m,m + 1).
Note that the couple (A,q) satisfies the Pedicini condition.
Let Pm be the set consisting of bases q ∈ (m,m + 1) which satisfy one
of the equalities

1 =
m
q

+ · · ·+ m
qn +

p
qn+1 , n ∈ N and p ∈ {1, . . . ,m}.

Theorem
If q ∈ Pm, then Oq = [0,m/(q − 1)].

If q ∈ (m,m + 1) \ Pm, then Oq is nowhere dense and has
Hausdorff dimension less than 1.

Note: Numbers belonging to P =
⋃

m Pm are sometimes called
confluent Parry numbers.
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Open problems

THE MEASURES µk AND THEIR RESPECTIVE
DENSITIES

Let A = {0,1, . . . ,m} and q ∈ (m,m + 1).

(Rényi, Parry) The greedy map T = T1 corresponding to (A,q) is
ergodic with respect to a unique normalized absolutely continuous
invariant measure (a.c.i.m) µ1 . The Parry density hq of µ1 is given by

hq(x) =
1

F (q)

∞∑
n=0

1
qn · 1[0,T n(1))(x),

where F (q) is a normalizing constant.
(Lasota, Yorke) For each positive integer k , the greedy map Tk
corresponding to (Ak ,qk ) is also ergodic with respect to a unique
normalized a.c.i.m µk , as follows from a more general theorem on
piecewise lineair expanding maps.
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Open problems

THE MEASURES µk AND THEIR RESPECTIVE
DENSITIES

Proposition
q ∈ P if and only if µ1 = µk for all k ≥ 1.

Sketch of proof: If q ∈ P and k ≥ 1, then µ1 is also an a.c.i.m for Tk
because Tk = T k . Since the a.c.i.m is unique, it follows that µ1 = µk .
If q /∈ P, we have already seen that Tk < T k for some k on some open
subinterval of [0,1). Arguing by contradiction, one easily derives that
µ1 6= µk for this k .

Open problem: Determine an explicit formula for the density of µk if
q /∈ P.
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Open problems

TOPOLOGY OF Oq

Regarding the topology of Oq, almost nothing is known if q /∈ P.

Let us address some obvious questions:

For which bases q is the set Oq (at most) countable?
For which bases q is the set Oq \ Uq (at most) countable?
For which bases q is the set Oq closed?
For which bases q is the set Oq a Cantor set?

Proposition

The set Oq is closed from above: if x /∈ Oq, then there exists a number
δ = δ(x) > 0 so that [x , x + δ) ∩ Oq = ∅.
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Open problems

TOPOLOGY OF Oq

Proof.
If the greedy expansion (bi) of x is not optimal, then there exists an
expansion (ci) of x and a number n ≥ 1 such that

n∑
i=1

bi

qi <

n∑
i=1

ci

qi ≤ x .

Hence x belongs to the interval

E :=

[
n∑

i=1

ci

qi ,

n∑
i=1

ci

qi +
∞∑

i=n+1

m
qi

)
.

The map x 7→ (bi) is continuous from the right, hence there exists an
interval [x , x + δ) contained in E so that each number in [x , x + δ) has
an expansion starting with b1 . . . bn and one starting with c1 . . . cn.
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